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Class-dependentfeaturesandmulticategory classification

by Alex Bailey

Theproblemof patternclassificationis consideredfor thecaseof multicategory
classificationwherethenumberof classes,k, is greaterthantwo. Many classification
algorithmsarein fact2-classclassifiersandaregeneralisedto solvek-classproblems.
Which classifiersarenaturallymulticategory andthenatureof thegeneralisationof a
2-classclassifierto k classesis notofteninvestigated.A thoroughanalysisof multicat-
egory classificationis givenin this thesiswhich providesa new taxonomyof popular
classificationalgorithms,andgoeson to derive thesefrom a probabilisticviewpoint.
A cleardistinctionis madebetweenclassifiersthatpartitiontheinput spaceandthose
thatpartitionthesetof k classes.Of theclassifierswhichpartitionthesetof classes,the
one-of-n, pairwiseandhierarchicalmethodsof decompositionareshown to beequiv-
alentin the knowledgeof the true datadistributions. The scalingpropertiesof these
algorithmsareanalysedfor increasingk. Theeffectsof learningmodelson finite data
aretheninvestigatedto show thepracticaldifferencesbetweeneachdecomposition.

In classificationproblemswith many classesit is commonlythecasethatdifferent
classesexhibit wildly differentproperties.In this caseit is unreasonableto expectto
be ableto summarisethesepropertiesby usingfeaturesdesignedto representall the
classes.In contrast,featuresshouldbe designedto representsubsetsof classesthat
exhibit commonpropertieswithoutregardto any classoutsidethesubset.Thevaluefor
classesoutsidethesubsetmaybemeaningless,or simplyundefined.Themulticategory
classificationschemesproposedexplicitly dealwith suchclass-dependentfeatures,and
attractive propertiesof theseclassifieraredemonstratedfor a real-world handwritten
digit recognitionapplication.
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Chapter 1

Intr oduction

1.1 Problemoverview

In a recentreview paperJainet al. definepatternrecognitionasthe following (Jain,

Duin andMao,2000):

Patternrecognitionis thestudyof how machinescanobserve theenviron-

ment,learnto distinguishpatternsof interestfrom their background,and

makesoundandreasonabledecisionsaboutthecategoriesof thepatterns.

This is a complex taskthat is an innateability for humans;the recognitionof people

by their face,their voice, or their gait, or the recognitionof writing on a page,are

skills which peopleoften take for granted,but to designa machineto solve such

problemsposesformidableresearchchallenges.Otherpatternrecognitionapplications

suchasthediagnosisof diseases,therecognitionof aircraft,andthecategorisationof

consumersin market researchareexamplesof moredifficult tasksfor humanswhere

we maylook to machinesto aid our decisions.This interestingandchallengingtopic

hasreceiveda wealthof researchinterestsincetheuseof electroniccomputersin the

1950’sandstill todayremainsa veryactive researcharea.

Therearemany aspectsof patternclassificationthatarestill openresearchfields

from learningtheoryandmodelcombination,to featureextractionandfeatureselec-

tion. Interestingly, multicategory classificationis oftenoverlookedasa researchtopic

in its own right, shown by its absencein Jain,Duin andMao(2000).This thesiscovers

the field of multicategory classificationwhich involves the classificationof patterns

into a finite setof classeswherethenumberof classesis greaterthantwo, andstudies

theeffectsfor a subsetof multicategory classifiersasthenumberof classesincreases

significantly. The problemsbeingaddressedarefirstly the fact that currentmethods

1



CHAPTER1. INTRODUCTION 2

in multicategory classificationareunrelatedandseldomcompared.This is addressed

via a probabilisticformulationby which equivalencesbetweenimportantalgorithms

canbe shown, andalgorithmscanbe clearly placedin a novel taxonomy. This then

highlightssimlaritiesanddifferencesbetweenalgorithmsto allow ananalyticalcom-

parison.Secondlythegeneralisationof a binaryproblemto a multicategory problem

is often consideredto be a simple extensionwhereone classis discriminatedfrom

the setof all otherclasses.This is but onemethodof generalisinga binary problem

andalternative methodsarebroughttogetherandcomparedin this thesis.Within this

framework, the novel conceptof class-dependentfeaturesis investigatedandshown

to reducethenumberof featuresusedin multicategory classificationwithout a lossin

accuracy.

Severalexistingpopularclassificationalgorithmsareinvestigatedin termsof their

ability to discriminatemany classes.Thelackof scalabilityof multi-layerperceptrons

for problemsof many classesis arguedandthelack of cohesionbetweenthedifferent

algorithmsis highlighted. The heuristicnatureof decisiontree classifiersand the

combinationof submodelsin pairwiseclassifiersis alsoquestioned.

In responseto theseproblemsa novel formulation of Bayesrule for statistical

patternclassificationis given thatmakestheconditioningon the input spaceandthe

set of classesexplicit. This then allows the clear distinction to be madebetween

multicategory classifiersthat solve the problemof many classesby partitioning the

input space,and multicategory classifiersthat partition the set of classes.A novel

taxonomyof theseclassificationalgorithmsis given that makesthis cleardistinction

betweeninherentmulticategory classifierssuchasthe k-nearestneighbourclassifier

and the decisiontreeclassifierthat partition the input space,inherentmulticategory

classifiersthat partition the set of classes,and inherent2-classclassifierssuch as

linear discriminantsand generalisedlinear discriminants(seeChapters2 and 3 for

furtherdetailson theseclassifiers).Known classificationalgorithmsthatpartitionthe

setof classesto solve classificationproblemsby a combinationof binary classifiers

arethenclearlyplacedin this taxonomy. Theseareknown astheone-of-n classifier,

the hierarchicalclassifier, andthe pairwiseclassifierandaregroupedunderthe term

class-decompositionclassifiers. They differ in thenumberof binarysubproblemsand

the methodusedto combinethe outputsof eachbinary subproblemto give the final

multicategory classificationoutput (detailsare given in Chapter4). Theseare then

analysedin their scalability for problemswith many classesin termsof the number

of submodelsto train, the training complexity of eachsubmodel,andthe numberof

modelsevaluatedduringclassification.
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Oneof the most importantresultsof this new taxonomyis the cleardistinction

betweena decisiontreeclassifier, anda hierarchicalclassifierthat combines2-class

subproblems. Thesetwo classificationalgorithmsare very similar in nature; they

both rely on a hierarchyof decisionproblemsand take advantageof the fact that a

complex problemcanbebrokendown into asetof simplersubproblems.But they are

distinct andthe fundamentaldifferencesareshown in Chapter4. Much researchhas

concentratedonsuchtree-basedclassifiers,but this novel distinctionis not addressed.

Theprobabilisticframework is thenusedto analysetheclass-decompositionclas-

sifiers.Statisticalpatternclassificationis abranchof patternclassificationthatusesthe

well-foundedfulesof probability, andin this context a stepin decidingthefinal class

outputis theestimationof a vectorof posteriorprobabilities.Thethreemostpopular

classdecompositionclassifiers,namelythe one-of-n, hierarchical,andpairwiseclas-

sifiersarederived suchthat they generatethe correctposteriorprobabilities,andare

shown to be equivalentwhenthe requiredprobability densitiesareknown perfectly.

Suchperfectknowledgearisesin the hypotheticalsituationwherethe datausedto

estimatetheprobabilitydensitiesis infinite.

However, for finite datasets,issuesof generalisationandmodelcomplexity arise

whenlearningeachsubmodelin a classdecomposition.It is shown in Chapter4 that

thereare two fundamentalcomponentsto the complexity of the submodelsin class

decompositionclassifiers.Theseare:� thecomplexity thatarisesfrom theboundarythatdividesany two classesfrom

eachother, and� thecomplexity thatarisesfrom discriminationbetweenmany classes.

Althoughthefirst componentis fixedfor agivenapplicationdataset,thesecondis

affectedby thechoiceof theclassdecompositionandcanincreasewith thenumberof

classes.Theone-of-n classifierintroducescomplexity that increaseswith thenumber

of classes.Thepairwiseclassifierhasthemimimumcomplexity thatis constantfor an

increasingnumberof classes.Thecomplexity introducedby thehierarchicalclassifier

is controlledby thechoiceof theclasshierarchyandcanbeminimisedby thesuitable

identificationof thisclasshierarchy.

It is interestingto considerthesimpleandimportantlineardiscriminant,andthe

effect of usingsuchlinearmodelsasthesubmodelsin theclassdecompositionalgo-

rithms. Kressel(1999)concludesthatpairwiselinearclassifiersdeserve furtheratten-

tion dueto ‘good recognitionresultswith extremelylow classificationrequirements’.

The pairwise, hierarchicaland one-of-n decompositionsusing linear classifiersare
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thoroughlyinvestigatedin thisthesisin Chapters4and7. Thepairwiseandhierarchical

decompositionsareshown to work well usinglineardiscriminantsfor eachsubmodel,

while theone-of-n decompositiondegradesseriouslyfor problemswith morethantwo

classes.Thisis dueto thecomplexity introducedbetweenmany classesby theone-of-n

decomposition.

Eachdecompositionhasotheradvantagesanddisadvantages,suchasthenumber

of submodelsto train andthenevaluateduring classification.The pairwiseclassifier

suffersfromhaving to trainanumberof modelsin theorderof k2 wherek is thenumber

of classes,whereastheone-of-n andhierarchicalneedonly train k, andk � 1 models

respectively. But thedesignof theclasshierarchyfor thehierarchicalclassifieris not

trivial. Techniquesthatattemptto solve this problemarepresentedin Chapter5.

Onesignificantadvantageto thehierarchicalmodelis that,of thek � 1 submodels,

in somecasesonly log2k modelsneedto beevaluatedto find themaximumposterior

probability. A principledmethodfor selectingthemodelsto evaluateis givenin Chap-

ter4. Also theclasshierarchyoffersamoretransparentmodelvia interpretationof the

classsubgroupings.An exampleof this is givenin Chapter7 on remotesensingdata.

A directresultof theclassdecompositionalgorithmsis thatfeatureselectionmay

be donelocally for eachsubmodel.Work in parallelwith the work in this thesisis

presentedin (Oh, Lee andSuen,1999),wherethe effect of suchfeatureselectionis

investigatedfor theone-of-n decomposition,whichwasshown to giveanimprovement

in classificationaccuracy whencomparedto usingthesameglobalsetof featuresfor

eachsubmodel.Themotivationbehindsuchlocal featureselectionis givenby inves-

tigating the class-dependentnatureof features.Class-dependentfeaturesaredefined

and shown to occur naturally in typical classificationproblemsin Chapter6. In a

recentreview paperon automatichandwritingrecognition(Plamondonand Srihari,

2000), the authorsuggeststhat for structuralapproachesto handwritingrecognition

to beeffective, a classifierwill have thepropertythat ‘the numberof featuresusedto

describea classof patternsmay vary from oneclassto another’. This is exactly the

propertythatis beinginvestigatedin this thesis,althoughunfortunatelyit is beyondthe

scopeof this thesisto studystructuralhandwritingrecognition.A statisticalapproach

to handwritingrecognitionis presentedin Chapter7 whichshowsthattheuseof class-

dependentfeaturesis advantageousfor all threeclassdecompositionalgorithms.

To show evidencefor thetheorypresentedin thethesisa numberof experiments

on simulatedandreal-world datasetaredescribedin Chapter7. Thereal-world datais

taken from thefield of handprinteddigit recognition.Theseshow favourableresults,

anddemonstatethatfor linearmodelsthepairwiseclassifieris by far themostaccurate



CHAPTER1. INTRODUCTION 5

classifier, followedby thehierarchicalclassifierandthentheone-of-n classifier. The

accuracy of the classdecompositionclassifiersis comparedusing local and global

featureselectionshowing that local featureselectionresultsin betterclassification

performancefor fewer featuresselected.For non-linearmodels,multi-layer percep-

tron classifiersare usedand in this casethe classificationaccuracy for eachclass

decompositionbecomesapproximatelyequivalent,but with thehierarchicalclassifier

performingmarginally better. Theadvantagesof local featureselectionstill remain.

The concludingremarksstatethat when solving a multicategory classification

problemof many classes,althoughthey are asymptoticallyequivalent, hierarchical

andpairwiseclassifiershave a considerableadvantagein termsof classificationper-

formanceover traditionalone-of-n classifierswhenusingeither linear or non-linear

submodels. Featuresshouldbe selectedindependentlyfor eachsubmodelleading

in simpler modelswithout loss of accuracy. The hierarchicalmodel is particularly

advantageoussinceit hasthefewestsubmodels,andthecomplexity of thesubmodels

canbecontrolledby indentifyingasuitableclasshierarchy.

1.2 Thesisoutline

A chapter-by-chaptersummaryof the thesisis given in this section. The thesisis

dividedinto eightchaptersincludingthis introduction.

Chapter2 definesconceptscentralto statisticalpatternclassification,namelythe

definition of featuresand classes,and describesdiscrimination,generalisation,and

regularisationin patternclassification.StandardstatisticaltechniquessuchasBayes

rule andlineardiscriminantsaredetailedon which laterchaptersarebuilt.

Chapter3 goeson to investigatethepreviousresearchon multicategory classifi-

cationincluding one-of-n, pairwise,the varioustypesof decisiontreeclassifiersand

hierarchicalclassifiers. The lack of a commonframework for multicategory classi-

fication is highlighted. Although thereis little researchdirectly on class-dependent

features,relatedresearchis describedthat hassimilar motivations. Hierarchicaland

pairwiseclassifiersarenotedfor their compatibility with theclass-dependentfeature

paradigm.

Chapter4 thenlaysdown a probabilisiticframework underwhich popularmulti-

category classificationalgorithmscanbe derivedaccordingto whetherthey partition

theinput spaceor thesetof classes.This leadsto a novel taxonomyof multicategory

classification.In this chapteranequivalencebetweentheone-of-n, pairwiseandhier-

archicalclassdecompositionclassifiersis shown andthedifferencebetweendecision
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treeclassifiersandhierarchicalclassifiersis madeexplicit. Thescalabilityof thethree

algorithmsis shown for increasingproblemsizes,andtwo forms of complexity in a

multicateogryproblemaredistinguished.Thepairwiseclassifieris shownto reducethe

complexity dueto many classes,thehierarchicalclassifiercancontrolthis complexity

throughdesignof thehierarchy, andtheone-of-n classifiermaximisesthiscomplexity.

In Chapter5 the necessarystructureidentificationtechniquesaredescribedfor

the hierarchicalclassifier. Performancemetricssuchasclassificationaccuracy, and

approximationssuchasthe Euclideandistancebetweenclassmeansareshown, and

top-down, or bottom-upclusteringmethodsaredescribed.Thestructureidentification

is also formulatedasa discretesearchwhich is enableddue to the finite numberof

nodesin theclasshierarchy. Efficient operatorsfor combinatorialotimizationarede-

scribedthatreducethecostof retrainingwhenusingclassificationratesasanobjective

function.

Chapter6 definesandexploresthenovel conceptof class-dependentfeaturesas

relatedto the statisticalindependenceof the featureand the classvariable,given a

subsetof classes,and relatesit to existing work. Illustrative examplesfrom real-

world applicationsareshown andthenovel distinctionbetweenstrongandweakclass

dependenceis defined.Localandglobalfeatureselectionmethodsaredescribedfor the

class-decompositionclassifiersusingmotivationfor class-dependentfeatures.Classi-

fiersusinglocal featureselectionareexpectedto usefewer features.

Chapter7 describesexperimentson real andsimulateddatato confirm predic-

tions madein previous chapters,with the experimentalresults. Firstly the object-

orienteddesignof the softwareusedto carry out the simulationsis described.Then

theclassificationaccuracy of theclass-decompositionmodelsis shown asthenumber

of classesincreaseusingboth logistic lineardiscriminantsandmulti-layerperceptron

classifiersfor eachsubmodel.Theone-of-n classifieris shown to scalebadly, while the

hierarchicalandpairwisemodelsareshown to scalewell. Thentheclassificationrate

for all threesubmodelsis shown to be consistentlybetterfor fewer featuresselected

usinglocal featureselectionwhichmakesuseof class-dependentfeaturemetrics.

Chapter8 concludeswith a discussionof the work presentedand avenuesfor

future researchin this area,particularly in the reductionof the numberof modelsin

thepairwiseclassifierandtheanalysisof strongclass-dependentfeatures.

1.3 Contrib utions

Themaincontributionsof thiswork aredetailedbelow.
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betweenmodels(Sections4.1 to 4.5).� Analysisof scalabilityof one-of-n, pairwiseandhierarchicalmulticategoryclas-

sificationmodels(Sections4.6 to 4.8)with experimentalevidenceon simulated

data(Section7.3).� Principledapproachto computationallybeneficialapproximationsto hierarchi-

cal classifier(Section4.10.2).� Definition and analysisof strongand weak class-dependentfeatures(Section

6.1) with experimentalevidenceon real-world datafor weak class-dependent

featuresextendingthework of Oh,LeeandSuen(1999)(Section7.6).
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Chapter 2

Featuresand classesfor pattern

classification

This thesisis concernedwith patternclassification. A patternis a pair of variables

(Schurmann,1996):

Pattern� �
x � ω ���

wherex � Rd is a vectorof observations,andω � Ω is a labelthatrepresentsa mean-

ingful conceptin the problemdomain. For examplex may be the digital imageof a

face,or of a handwrittencharacter, or the digital recordingof a spokenword, andω
mayrepresenta person,a letterof thealphabet,or aword,respectively.

Patternclassificationis a mappingfrom x to ω. It is mostoftenassumedthatthe

observationvectoris of fixedlength,d, andthatΩ is a setof classlabelsωi for finite

i � 1 �	�	�
�
� k. This constrainstheproblemin sucha way thatallows machinelearning

algorithmsto attemptto solve theproblem.Normally a modelis specifiedby usinga

setof known observationandlabelpairsto definethemodelstructureandparameters.

This set of patternsis known as the training set, or training sample. A similar but

differentsetof patternsis theusedto evaulatetheclassificationaccuracy of themodel.

this is known asthetestset,or sample.

To reliablydistinguishbetweenclassestheremustbeacertainamountof discrim-

inatory informationpresentin the observations. A simpleexamplebeing,if the task

wasto distinguishbetweenimagesof thehandwrittenletters‘a’ and‘b’, thenapossible

modelwouldbeto simplymeasuretheirheightanddesignateanythingaboveacertain

heightasa ‘b’. However, thereis muchvariationin theheightof handwrittenletters

so this systemwill be ratherinaccurate.To aid the decision,a vertical stroke could

8



CHAPTER2. FEATURESAND CLASSESFORPATTERN CLASSIFICATION 9

be detectedon the left of the letter andthenthe two measurementscombinedbefore

decidingwhat typeof letter it is. Theextra discriminatoryinformationin thesecond

measurementwill mostlikely increasetheaccuracy of theclassificationsystem.There

will still besomeconfusionovercertainimages,somoremeasurementswill haveto be

taken,andperhapswith amoresophisticatedmeasuringtechnique.Problemswill arise

if too many measurementsaretakenon asmallpopulationsample,andthis,known as

‘the curseof dimensionality’,is an extremely importantissuewhich affectsthe size

andcomplexity of modelsandconsequentlytheir learningability. Thisstatesthatwith

finite trainingsamples,arbitrarily increasingthenumberof measurementscanleadto

aneventualdeclinein theoverall classificationperformance.

Theconceptof featuresis alsodescribedin thischapter. A featuremaybesimply

a measurementon a object, or a combinationof measurementson an object. The

processesof featureselectionandfeatureextractionaredefinedanddistinguished.It

is therelationshipsbetweenfeaturesandclassesthat is primarily of interesthere,the

restrictionthat a featureshouldbe applicableto all classesis beingrelaxed to allow

featuresto expresslyrepresentsubsetsof classeswithout requiringthe valueof that

featureto bemeaningfulfor classesoutsidesuchsubsets.

This thesispresentsanovel taxonomyof multicategoryclassificationwhichstates

thatamany-classproblemshouldbeapproachedby eitherpartitioningtheinputspace

R, or thesetof classesΩ. It is shown thatwhendecomposingΩ thedistinctionbetween

certainclassesis bestdescribedby anindividual featuresetfor eachindividualsubset

of Ω. Centralthemesin patternclassificationarelaid down in thischapterto definethe

issuesthatareimportantto thediscussionin laterchapters.

2.1 Classconceptsand observations

It shouldbe notedherethat classlabelsrepresentarbitraryconceptsandthereis no

reasonbeyond commonsensethat the classlabelsshouldrepresentany meaningful

categorizationof theproblem.It would of coursebeillogical to try andsolvea mean-

inglessproblem,andmostclasslabelswill in fact representmeaningfulanddistinct

concepts,thoughclassconceptsshouldnotbethoughtof asformally distinguishable.

This thesisconsidersdisjoint classconceptssuchthat any observation canonly

truly belongto oneclass.Thereis asetof valid problemsby whichanobservationcan

belongto morethanoneclassconceptat a time. Fuzzyclassificationandprobabilistic

classmixtureestimationcanaddresssuchproblemsof overlapbetweenclassconcepts

but this is a differentproblemand is not consideredin this thesis. A discussionof
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causality

employee’s
face

observation image

imageemployee’s
identity

classification

Figure 2.1: Classificationis aninverseof thecomplex processof observation

fuzzy classificationandits relationshipsto statisticalpatternclassificationis given in

(Manslow, 2000).

An illustrativeexample,if eachobservationx representedanimageof a facethen

Ω might beasetof employees,or theset � male� female� , or eventhesetof thetwelve

signsof the zodiac. Eachof thesein theoryarevalid classificationproblemsexcept

thatin practiceit wouldbedifficult to tell someone’sstarsignby lookingat their face,

due to the fact that therewill be little correlationbetweenthe classlabelsand the

observations.This is dueto thepoordesignof theclassificationsystemthroughapoor

choiceof inputs.It mayalsobethecasethattwo of theemployeesareidenticaltwins

where,althoughto a lesserextent, therewill be ambiguityin the problemdefinition.

This is the result of the more fundamentalproblemthat patternclassificationis an

inverseprocess.This is illustratedin Figure2.1.Theprocessof observationis amany

to many mappingandits inversemaybeambiguous.It followsthatfor someproblems

theobservationswill notbesufficient for perfectclassification.

Evenif theclassconceptsaredefinedwisely theremaybeambiguityimposedby

theobservationalprocess.If a systemis to classifyobjects,it mustbeableto observe

them. Observation canbe an incredibly complicatedanduncertainprocesswhich in

itself accountsfor mostof the problemsin patternclassification.Observationsarea

resultof acomplex non-linearcombinationof threetypesof information:� theobservablepropertiesof theobjectitself,� theobservationalconditions,and� any noiseeffectsresultingfrom themeasurementdevice.

The observablepropertiesarewhat onehopesto measure,andthis would be a

person’s face.Theobservationconditionswill affect how thefaceis observed,it may
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Figure2.2: Model for statisticalpatternrecognition,from (Jain,Duin andMao 2000)

bedark,or thepersonmaybecoveringhis facewith a hand,sunglassesor an item of

clothing. Thecameramay introducemeasurementnoiseby electromagneticinterfer-

ence,or simplyby poorfocusingor insufficentresolution.All thesewill haveaneffect

onthefinal imagesuppliedto theclassifierandit is thetaskof theclassificationsystem

to copewith theseeffects. A broadoutline of how a classificationsysteminfers the

classlabelfrom suchanobservationis givenin thenext section.

2.2 A typical classificationsystem

The classifieris oneof severalprocessesin the classificationsystem,albeit themost

importantprocess,but thereareotherprocessesthat are typically undergonebefore

informationis fed to theclassifier.

To minimise the noiseintroducedin the observationsonemight designan ap-

propriatephysicalsystem,for exampleensureadequatelighting, usea camerawith a

suitablelevel of imagedetailetc.And oncetheobservationshavebeenrecorded,then

thesearepresentedto theclassificationsystemwhichcantakefurtherstepsto minimise

the effects of the inevitable measurementnoise that hasbeenrecorded. A typical

statisticalpatternclassificationsystemis shown in Figure2.2 (Jain,Duin andMao,

2000). Thefirst stepis usuallyknown aspre-processingandinvolvessuchprocesses

asfiltering to reducethemeasurementnoiseandnormalisationto reducethevariance

dueto theobservationalconditions.More sophisticateddimensionreductionmethods

suchas principle componentanalysis(PCA) may be usedto reducethe numberof

dimensionsin the input vectorvia aneigenspacetransformation.This will resultin a

pre-processedinput vector.

Whentrainingaclassifierthefeaturescanthenbeextractedfrom thepreprocessed
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input vectorto give a featurevector. Thenthemostappropriatefeaturesareselected

andthereducedfeaturevectoris input to theclassificationsystemfor learningwhich

will calculatetheoutputerrorandadaptthemodelparameters.Whenclassifying,the

setof featuresaremeasured,or calculated,accordingto theoptimumsetchosenby the

featureextractionandselectionprocesses.Theclassifiercanthenevaluateits output

accordingto themeasuredfeatureset.Theseandrelatedconceptsaredescribedin the

following sectionsalthoughspecificdetailswill dependon theapplicationproblem.

2.3 Features

In a patternclassificationproblem,featuresaregeneratedby functionsof the raw or

pre-processedmeasurementdata.Thesesfunctionsarecalledfeature extractors. The

featureextractionprocessmay be complex tranformationsof the measurementdata

suchastheFouriertransform,or asimplecopying of themeasurementvalues.

Whendesigninga machinelearningsystem,thereis alwaysa trade-off between

thecomplexity of thefeatureextractorsandthecomplexity of theclassificationalgo-

rithm. If simplefeatureextractorsareusedfor a complex problemthentheclassifier

will needenoughcomplexity to learnthe classconceptsfrom thesesimplefeatures.

However, if complex featureextractionprocessesareusedthatallow for mostof the

complexity of theproblem,thena simplerclassificationalgorithmmaybesufficient.

Usually prior knowledgewould be neededto designcomplex featureextractorsthat

adequatelyrepresenttheproblem.

An illustrative examplewhich will be returnedto thoughoutthe thesisis the

handwrittendigit recongitionproblem.Two pre-processeddigits areshown in Figure

2.3. In this casethe raw pixel valuesmaybepresentedto a classifier, but a complex

classifierwouldbeneededto beableto accuratelyclassifythedigits asnoapplication

knowledgehasbeenfed into theproblem.

Alternatively, application-specificfeatureextractors, in this casesophisticated

techniquesto detectloopsandlines,or estimatetheslantandcurvatureof thestrokes

in theimagecouldbedesigned.Thentheclassifierdesignwouldbematterof defining

a simple rulebasethat classifiesdigits accordingto thesehigh-level features,which

mayevenbepossibleto do by hand.

The trade-off is betweenthe humandesigneffort and the amountof learning

expectedof the machine. In the first casethe machineis expectedto learn all the

invariancesof the raw dataandcompletelyparameterisethe problemin sucha way

thatit canbesolved. In this casethemachineis effectively learningfeatureextractors
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Figure 2.3: An exampleof adigitisedhandwrittendigit with andwithout a loop

internally. In thesecondcase,muchprior knowledgeis beingusedto designfeatures

suchthat they incorporateknown invariancesandextract theinformationalcontentof

theraw data.

This tradeoff is importantin this thesissincetransparency andprior knowledge

areof interest.If weexpectthemachineto learneverythingabouttheproblem- if such

a taskis tractable;thenit is oftenthecasethatthesolutionof theproblemgetslost in

theparametersof thesystemandlittle insightcanbegainedasto how theproblemis

beingsolved.Also in mostreal-world problemstherewill beabaseof prior knowledge

thatcanbeincorporatedinto thesystem,whichshouldbeusedwheneverpossible.

Another important property of featuresis the associatedcost of evaluating a

feature. The cost may be in the time taken to calculatethe numericalvalueof the

featurefrom raw data,therisk involvedin measuringthefeature,or eventhemonetary

costof measuringthe feature.This will dependon theapplicationandin somecases

it is importantto minimisethis costandto evaluatethe smallestnumberof features

possiblewhenmakinga classificationdecision. It is shown in Chapters4 and7 that

the hierarchicalmodel is particularlyefficient in reducingthe numberof featuresto

evaluateduringclassification,whichcanalsoresultin amoreinterpretablemodel.

Someexampleapplicationsare:� Time-critical systemswherethe time taken to evaluatecomplex featuresneeds

to bereducedto aminimum.
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surgery.� Pharmaceuticalresearchinvolving theidentificationof molecularcompounds.� Strategic defencesystemswheremeasuringafeatureusinganactivesensorsuch

asradarinvolvesa risk of beingdetected.� Marketinganalysiswheremeasuringa featureinvolveslarge-scalesurveys.

In thesesituationstheneedto reducethenumberof featuresis morecritical than

thepossibleeffectsof thecurseof dimensionalityandfeaturereductiontechniquesare

important.

2.3.1 Featureextraction and featureselection

Featureextraction and featureselectionprovide an important role in classification

problemsin reducingthe complexity of a classifierandreducingthe overall costof

featuremeasurements.

Featureextractionis thetransformation,or combination,of inputsbaseddirectly

on theraw datato provide moremeaningful,abstractandconcisefeaturesfor useby

thepatternclassifier. This may involve a simpletransformationof thewholedatafor

datacompression,suchasprinciplecomponentanalysis,or acomplex domainspecific

process,suchas locating geometricfeaturessuchas the eyes in a facerecognition

task. Several distinct featureextractionprocessesmay be appliedto the raw datain

parallel to generatea vectorof features. The importanceof featureextraction is to

condensemaximally useful informationfrom the raw dataavailable,while retaining

thediscriminatoryfeatures/attributes.

Alternatively, featureselectionis the processof choosingthe minimum set of

theavailablefeaturesthatprovide themaximumdiscriminationbetweenclasseswhen

presentedto thepatternclassifier. Thesefeaturesmaybethosegeneratedfromafeature

extractionprocess,the raw dataitself, or a mixture of the two. The importanceof

featureselectionis to selectonly thosefeaturesthatarerelevantto thedecisionbeing

made.For example,in the handwrittendigit recongitionproblem,if thepixel values

wereto beusedasfeatures,thenfeatureselectionwould concentrateon thepixels in

themainbodyof theimageandignoretheuninformativepixelsaroundtheextremities

of theimage.

Patternclassificationis known to performbestusingtheminimal setof features

thatcontainthemaximuminformationrelevantto theproblem.
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2.3.2 Invariance

Invarianceis averyimportantconceptregardingfeatureextraction.Whendealingwith

a setof objectsfrom a singleclass,it is reasonableto expectsomevariationbetween

thepropertiesof theindividuals,althoughtherewill bepropertieswhich areinvariant

for all the individualsin that singleclass. For exampleif the classificationtaskwas

to classifya selectionof shapesinto the threeclasses� circle� triangle� square� , then

all the individualsmight vary in their sizeandorientation. However the numberof

verticesis invariantfor all membersof the sameclass. Sincethe numberof vertices

variesbetweenmembersof differentclassesit wouldmakeagooddiscriminantfor the

threeclassproblem.

Assumingthatwedohavemeaningfulanddistinctclassconcepts,it is thenotion

of invariancethat shouldbe capturedin a particularfeatureextractiontechnique.A

featureshouldbe invariant,that is insensitive, to propertiesof themeasurementsthat

areirrelevantto theproblem.For example,in objectrecognitionwe arenot interested

in the size or orientationof the object in the image. The featureextractorsshould

thereforebescaleandrotationinvariant.Certainimageprocessingtechniquessuchas

theFouriertransformareknow to betranslationinvariant,andthiswouldmakeagood

featureextractorif thedegreeof translationof animageis apropertyof themeasuring

device or observationalconditions,andnot a propertyof theproblemwe aretrying to

solve. An earlierexamplesuggestedtheheightof a handwrittencharactershouldbe

usedto distinguishtheletters‘a’ and‘b’. But this will not bescaleinvariant.A better

featurewould betheratio of width to height,calledtheaspectratio, sincethis is now

scaleinvariant.It is easilyseenthattheaspectratio wouldnot beagoodfeaturewhen

discriminatingtheletters‘a’ and‘e’ sincethey will typically havesimilar values.

A featureshouldalsohavewithin-classinvariance,suchthatthevalueof thefea-

tureis invariantfor all pointstakenfrom a singleclass.If thereis asmallwithin-class

invarianceanda large inter-classvariancethenthat featureis a gooddiscriminantfor

theproblem.For thepurposesof this thesis,which dealswith classsubsets,it is also

importantto considerpropertieswhich areinvariantfor setsof classes.For example,

thesetof digits {‘0’, ‘6’, ‘8’, ‘9’} hasa smallwithin-setvariancefor theloop feature

sinceall thedigitswithin it containaloop. However, theloopfeaturewouldbegoodat

discriminatingthiswholesetof classesfrom anothersetof classessuchasthe‘straight

line’ numberssuchas{‘1’, ‘4’, ‘7’}.
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2.4 Discrimination

The taskof a classifieris to discriminatebetweentheclasses.Discriminationis ulti-

matelyachievedby placingadecisionboundarybetweenpointsin featurespace.This

decisionboundarymay be explicitly representedby a parametricform, suchas in a

lineardiscriminant,or indirectly throughtheparameterisationof theclassdistributions

usedto estimateposteriorprobabilities. Othernon-parametricclassifierssuchask-

NearestNeighbourtechniquesdonotexplicitly describeadecisionboundarybut it can

beseenthat theeffective boundaryis a fine-grainedtessalationof regionsaroundthe

setof storedrepresentative pointswhenk � 1. SeeFigures4.5 and4.6 for examples

of decisionboundariesin multicategoryclassification.

This thesisis concernedprimarily with statisticalpatternclassificationand the

estimationof class-conditionaldistributionswhich leadto parametricdecisionbound-

aries,or socalledsemi-parametriccasessuchasmulti-layerperceptrons.As with all

learningsystems,classifiersaregovernedby thelaws of learningtheoryandthemost

importanttermsareexplainedin thesectionbelow.

2.4.1 Bias,variance,generalisationand regularisation

Generalisationis themostimportantconceptin machinelearninganddatamodelling

(Bishop,1995). A modelmustbe ableto learnrelationshipsbetweenthe inputsand

outputsin the training dataand then be able to make predicitionson unseendata.

Generalisationis theability to extractthe‘essence’of theproblemwithoutlearningthe

specificsof thetrainingsample.Rotelearningis anexampleof averybadgeneraliser,

sincenew problemscanonly be solved if they have beenseenbeforein exactly the

samemanner, that is if they areto be found in the training set. The otherextremeis

anover-generalmodelthattreatsall input samplesasthesame,andoutputsaconstant

value. In the presenceof finite data,good generalisationis achieved by a balance

betweenmodelbiasandmodelvariance.Regularizationis a techniqueto improve the

generalisationability of amodel.Thesetermsareexplainedbelow.

In datamodelling,biasandvarianceareconflicting propertiesof a modelcon-

cerning its flexibility . A model is said to exhibit high model bias if it hasa rigid

inflexible structure,suchasa linearmodel(seeFigure2.4). A flexible modelsuchas

onebasedonnth-degreepolynomialsis saidto havelessbias,asit is flexible enoughto

fit to many moreproblems.However, aflexible modelwill inevitably havehighmodel

variancesinceit canvary its structureto fit itself too closelyto the dataresultingin

poorgeneralisation(seeFigure2.5). Also thenumberof featuresin thefeaturevector
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x

f(x)

Figure 2.4: A linearmodelexhibiting highbiasandlow variance

hasan effect on the generalisationperformancesincefor mostparametricclassifiers

the numberof parametersincreaseswith the numberof features.A large numberof

parametersmeansa moreflexible modelandthechanceof overfitting is higher.

Regularisationisatechniqueto overcomehighvariancebyconstrainingthemodel

in someway. A simple and elegantsolution is to constrainthe model to have low

curvature(seeFigure2.6). This is in effect statingtherequirementthatsmallchanges

in themodelinputsshouldleadto smallchangesin themodeloutput.This is asensible

requirementfor goodgeneralisation.

Regularisationis alsoaform of applyingprior knowledge.FromaBayesianview-

point,specifyingconstraintson thesystembeforeexposingit to any datais equivalent

to imposingprior knowledgeuponthesystem.

Whencomparingtheperformanceof differentclassificationalgorithms,theclas-

sification rate is the most representative measureof accuracy. In other words the

percentageof correctclassificationson a sampledataset. However this must be a

comparisonof generalisationability. This simply requiresthat theclassificationrates

quotedmustbeperformedonunseendatasamplesthathavenotbeenusedin thetrain-

ing or designof theclassifier. But for someapplicationsit is not alwaystheaccuracy

which is the dominatingfactor in choosinga classifier. Issuessuchastraining time,

classificationtime, storagerequirements,andinterpetabilitycanbeimportantenough

to useaclassifierwith anaccuracy lessthanthestateof theart.
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f(x)

x

Figure 2.5: A non-linearmodelwith low biasandhighvarianceover-fitting thedata

2.4.2 Effectsof largesetsof classes

Thereis asignificantdifferencebetweena2-classclassificationproblemandak-class

classificationproblemwherek 
 2. A 2-classor binary problemis specialbecause

it canbe representedby a single inequality. This canleadto a simplerprobleman-

alytically andis the preferredproblemfor classificationdesign. Many classification

algorithmsare describedin terms of a binary decisionproblem, since the general

caseof m classesis assumedto be a trivial extensionof a two classproblem. This

assumptionis challengedin this thesisandtheeffectsof discriminationbetweenlarge

setsof classesareaddressed.

Thereareseveralwaysof convertinga k-classprobleminto a setof 2-classprob-

lems. They have their advantagesanddisadvantagesandthe mostcommonmethods

aredetailedbelow:� one-of-n outputencoding:Eachclassis in turndiscriminatedagainstasetof all

the otherclasses.A total of k modelsarelearnt. Model outputsarecompared

directlyandtheclassfor themodelwith thehighestoutputis chosen.� Pairwiseclassification:Eachclassis discriminatedagainsteachotherclasssep-

arately. A total of k � k � 1�
� 2 modelsare learnt. Model outputsarecombined

additively and the classwith the highestoutput is chosen. (Jia and Richards

1998;Kressel1999)� Hierarchicalclassification:The setof classesis split into left andright subets
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x

f(x)

Figure 2.6: A flexible modelwith constrainedcurvaturereducesthevariance

which arediscriminatedagainst,the subsetsarethensplit recursively into left

and right subsetsuntil all classeshave beendiscriminated. A total of k � 1

modelsarelearnt. Model outputsaremultipled andthe classwith the highest

outputis chosen.(SchuermannandDoster1984).

The numberof featuresthat canbe effectively usedat eachstagemay vary de-

pendingonthealgorithm.Issuesarisewhenthenumberof classesincrease,suchasthe

numberof modelsto belearntandthecomplexity of thetreestructurefor hierarchical

models.Theseissuesareaddressedfully in Chapter4.

2.4.3 The number of features

With a small numberof featurestherewill be imcreasedambiguity at the decision

boundariesin featurespace.It is expectedthatthedatapointsfor separateclasseswill

overlapseverely in featurespaceunlessthe few featuresrepresentall thediscrimina-

tory informationfor theproblem.With many featuresthedimensionalityof thefeature-

spacewill increase,leadingto ageneralincreasein distancesbetweenpoints,(anatural

propertyof high-dimensionalspaces)leadingto low datadensity. However problems

will arisefrom learningmodelsin high dimensionalspacesif thereare insufficient

trainingsamplesto learnfrom. Thiseffect is describedin thenext section.

Thecurseof dimensionalityis knownby severalnames;Hughes’phenomenon,or

thepeakingphenomenon.A discussionof thepeakingphenomenonis givenin (Trunk,

1979).Hughes’phenomenonis describedhere,but theideais essentiallythesame.
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2.4.4 Hughes’phenomenon

In his 1968paper, Hughesanalysedthemeanaccuracy of two-classpatternclassifiers

with discrete-valuedfeaturevectors(Hughes,1968). The meanaccuracy is formu-

latedin termsof thedimensionalityof themeasurementvectord, thenumberof data

pointsandtheprior probabilityof oneof theclasses.Themeanaccuracy is written as

Pcr � d � n � P � ω1 �	� wheren is thenumberof datapoints,andP � ω1 � is theprior probability

of classω1. Hughesshowedthat in thecaseof infinite data,increasingthenumberof

measurementsincreasesthemeanaccuracy asymtoticallyto its maximumvalue,which

dependson theprior probabilities.

However, in the usualcaseof a finite numberof datapoints, it wasshown that

thereis anoptimalmeasurementdimensiond afterwhich themeanaccuracy beginsto

drop. Theoptimumdimensionof themeasurementvectoris a functionof thenumber

of datapoints,increasingwith greatervolumesof data.

This is now a well known effect in machinelearningand is known as either

Hughes’phenomenon,or thecurseof dimensionality. It is themotivationfor feature

selectiondescribedbelow.

Thereare several intuitive explanationsfor Hughes’phenomenon,namelythat

as the numberof dimensionsof a measurementspaceincreases,more datapoints

areneededto accuratelyspecifytheprobabilitydistributionsin thehigh-dimensional

space.If thenumberof datapointsis fixed (asis often thecasewhentraininga pat-

ternclassifier)thenarbitrarily increasingthenumberof measurementswill eventually

degradeperformance.

This canbeexplainedin termsof non-parametricprobabilitydensityestimation,

wherethemeasurementspaceis spannedby a setof bins,andthedensityestimateis

calculatedasthenumberof pointsfalling in thebin, dividedby thevolumeof thebin.

If eachmeasurementaxis is divided into h bins thenasthe numberof dimensionsd

increasesthenumberof bins increasesashd. Therewill obviously sooncomea limit

whentherearenotenoughpointsto landin all thebinswhichwill thenhaveerroneous

zeroprobabilities. The numberof erroneousbins will increasedramaticallywith d,

renderingtheoverall probabilityestimatesinaccurate.

2.4.5 Cover’s theorem

Cover’stheorem(Cover, 1965)simplystatedsaysthatacomplex pattern-classification

problemrecastnon-linearlyin a high-dimensionalspaceis morelikely to be linearly

separablethanin a low-dimensionalspace.Linearseparabilityis desirablein apattern
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classificationproblem,asthereis aneasyandanalyticalsolutionin thelinearseparable

case.

Cover’s theoremmight appearcounter-intuitive to Hughes’phenomenonsinceit

statesthattransformingalow-dimensionalprobleminto ahigher-dimensionalprovides

aneasierproblem,andconsequentlyamoreaccurateclassifier. It shouldbenotedthat

Hughes’phenomenonstill applies,however if theseparatinghyperplaneis determined

properlyin thehigh demensionalspace,thenthis maybeovercometo suchanextent

thatCover’s theoremprovidesagoodbasisfor designingapatternclassifier.

Theproblemwith mappinga probleminto a higherdimensionalspaceandthen

fitting a linearseparatinghyperplaneis that in many dimensionstherearemany more

possiblehyperplanesthan in the lower space,increasingthe likelihoodof choosing

a non-optimalone. By useof regularisationtheoryonecanconstraintheproblemto

giveauniquesolutionwhichis optimalgiventheconstraints.This is how kernel-based

methodssuchastheSVM operate(Burges,1998).

2.5 Classificationand interpretability

Therenow exist two possibleavenuesfor designinga patternclassificationsystem.

Oneis to usea particularlyflexible modelwith goodgeneralisationcapabilitiessuch

asaSupportVectorMachine(SVM) andtrain it with theraw fixed-lengthobservation

vectors. This is a relatively new techniquethat hasbeenproven to give very good

classificationperformance.Another viewpoint is to selectand designgood feature

extractorsthatrepresentthestructuralinvariancesin theproblemandlearnastructured

classifierbasedon thefeaturesgeneratedby thesefeatureextractionalgorithms.

The former will shedlittle light on the processof classification,the internal

mappingsof a SVM will, for a problemof any complexity, be far too abstractto be

meaningful. However the latter approachis termed‘interpretable’sincethe feature

extractorscan be designedto have meaningin termsof the problemand the final

classificationprocesscan then be understoodin sucha way that shedslight on the

solutionof the problem. (Thereis currentresearchwithin the ISIS ResearchGroup

on an interpretableSVM algorithmtermed‘SUPANOVA’ by Steve Gunn(Gunnand

Brown, 1999),andaNeurofuzzySVM (ChanandHarris,2001)).

However, whendesigningfeatureextractorsthataremeaningfulfor a classifica-

tion problemwith many classesit soonbecomesapparentthatnotall featureextraction

processesare‘meaningful’ for all theclasses.Thiscanbeillustratedvia thehandwrit-

tendigit recognitionproblemwhich is addressedthroughoutthis thesis.
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A meaningfulfeaturein animageof a handwrittendigit is thepresenceof a loop

(seeFigure2.3 for an exampleof a preprocesseddigit with andwithout a loop). In

turn,if a loopis foundfurtheranalysismaybeperformedonthedetectedloop. Further

featuressuchasthe relative positionof the centreof the loop from the centreof the

wholedigit canprovidediscriminatoryinformation.Though,naturally, if therewasno

loop detectedin thefirst placethenthe ‘relative position’ of the loop is meaningless.

Whethera valuemay be assignedat all to thesefeatures,or if a valuecanbe gener-

atedby somealgorithmseven for imageswithout loopsthenthosevaluescannotbe

expectedto beat all meaningful.

Thetreatmentof suchfeatures,whicharetermedhereasclass-dependentfeatures,

requiresmuchfurtheranyalsis.For aclassifierof many classesto beinterpretablethen

thesequestionsneedto beaddressed.Chapter6 dealswith this issuein greaterdetail.

For now theconceptof conditionalindependenceis introducedwhichcanbeused

to measurethe class-dependentnatureof features.Conditionalindependence(Pearl,

1988)is definedfor events,A, B, andC suchthat:

P � A � B � C ��� P � A �C ���
if A andB areconditionallyindependentgivenC.

This is an importantconceptregardingclass-dependentfeaturessinceit canbe

formulatedas:

P � ω � xi � Ω ��� P � ω � Ω ���
This meansthat theclassvariable,ω, anda particularfeature,xi canbe independent

conditionedon thesetof classes,Ω. In otherwords,thedependencebetweenfeatures

andclassesmayvarygivenasetof classesasacontext.

To illustratethis, if the featurex wasthe numberof legs, andthe classvariable

wasto beoneof the following Ω ��� ants� spiders� flies� ; thengivenΩ ��� ants� flies�
thenx andω areindependent.That is, knowing x tells you no informationaboutω,

sincex � 6 for eitherclass.Whereasconditionedon Ω ��� spiders� flies� , x andω are

dependentasx will now beeither6 or 8,dependingonthevalueof ω. It is thisproperty

whichwill beshown to beexploitedin theanalysisof class-dependentfeatures.
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2.6 Statistical pattern classification

The following sectionfollows standardtechniquesusedin statisticalpatternrecogni-

tion, andformsthebasisfor theremainderof this thesis.For amorelengthydiscourse

the readeris recommendedto readthe excellenttexts by Bishop(1995),Schurmann

(1996)andWebb(1999).

Thegoalof statisticalpatternrecognitionis to estimatetheposteriorprobabilities

for eachclassin a setof classes,Ωall ��� ωi ; i � 1 �	�	�	��� k � . This is usuallywritten for

eachωi asP � ωi � x � . In this thesistheconditionon thesetof classesis madeexplicit,

sincetechniquesareconsideredwherethisconditioningis important.Sothefinal goal

for eachclassificationalgorithmin this thesisis to estimateP � ωi � x � Ωall � .
Todecidetheclasslabelusingtheinformationgivenby theposteriorprobabilities,

a decisionrule is applied.TheBayesdecisionrule for minimisingtherisk is statedas

follows (Jain,Duin andMao, 2000): Assigninput patternx to classωi for which the

conditionalrisk

R� ωi � x ��� k

∑
j � 1

L � ωi � ω j � P � ω j � x � (2.1)

is mimimum,whereL � ωi � ω j � is thelossincurredin decidingωi whenthetrueclassis

ω j andP � ω j � x � is theposteriorprobability.

The maximum a posteriori (MAP) decisionrule is then derived by using the

straightforward0/1 lossfunctionwhich is describedby:

L � ωi � ω j ��� �
0 if i � j

1 if i �� j � (2.2)

In this casetheBayesdecisionrule simplifiesto thefollowing: Assigninput patternx

to classωi if

P � ωi � x ��
 P � ω j � x ��� j �� i � (2.3)

It is usefulat this point to definepreciselytheprobabilitiesinvolvedin statistical

patternrecognitionanddeclaretheir meaning. This will help to clarify the analysis

below.

Classificationcanbethoughtof astheobservationof anobjectandthesubsequent

labellingof thatobjectaccordingto the observationsmade.Theobservationandthe
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classlabelscan be thoughtof as randomvariablesto be modelledvia probability

densityfunctions. The observation is a vector, x, of measurementson an objectand

theclasslabel,Ci , is acategory to which thatobjectcanbemeaningfullyassigned.

It is importantto stressthat theclasslabelsform a finite set,Ωall, andtheobject

is assumedto berepresentedby oneof theclasslabels.

Thefollowing probabilitieshave thefollowing meanings:� p � x � - theprobability thata certainobservation is made(regardlessof the type

of object).� p � x � ωi � - theprobabilitythata certainobservationis madegiventhattheobject

beingobservedbelongsto classCi . This is calledtheclass-conditionalproba-

bility for classωi .� P � ωi � - the probability that the object beingobserved belongsto the classωi

beforeany observationis made.� P � Ωsub
i � - the probability that the objectbeing observed belongsto the set of

classesΩsub
i beforeany observationis made.� P � Ωall � - theprobabilitythattheobjectbeingobservedbelongsto theglobalset

of classes,Ωall (this is always1 dueto theclosedworld assumption).� P � ωi � x � - theprobability that theobjectbeingobservedbelongsto theclassωi

giventhattheobservations,x have beenmadeon it. This is calledtheposterior

probability for classωi .� P � Ωsub
i � x � - theprobability that theobjectbeingobservedbelongsto thesetof

classesΩsub
i giventhattheobservations,x havebeenmadeon it.

Traditionallyit is thecasethatΩall is fixedandaclassifieris usedto discriminate

all theclassesin theglobalsetΩall at once,resultingin a vectorof posteriorprobabil-

ities
�
P � ω1 � x ��� P � ω2 � x ���	�	�	��� P � ωk � x � � . Theelementsof this vectorarecomputedusing

Bayes’theorem,for i � 1 �
�	�	�
� k:

P � ωi � x ��� p � x � ωi � P � ωi �
p � x � � (2.4)

Theaboveequationis in its mostcommonform, wheretheclosedworld assump-

tion is implicit. For thepurposesof thisanalysisit is necessaryto makethisassumption

explicit andrestateBayestheoremas:
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P � ωi � x � Ωall ��� p � x � ωi � Ωall � P � ωi � Ωall �
p � x � Ωall � � ωi � Ωall � (2.5)

UsingBayes’theoremtheclassifierdesignernow hasthechoiceto estimatethe

prior distributions P � ωi � Ωall � and class-conditionaldensitiesp � x � ωi � Ωall � from the

data.Thenormalisationfactorcanbecalculatedas

p � x � Ωall ��� ∑
ωi ! Ωall

p � x � ωi � Ωall � P � ωi � Ωall ��� (2.6)

One advantageof Bayes’ rule is that the prior probability can be definedto

representany a priori knowledgeaboutthe classificationproblemif the proportions

of the classesin the training set is not thoughtto be representative of the true prior

distribution.

Two principleapproachescanbefollowed,thatof estimatingtheclass-conditional

densitiesandpriors, or the direct estimationof the posteriorprobability distribution.

Note that Vapnik (1998)promotesbypassingthe estimationof any suchdensitiesor

distributionsandconcentratingall thelearningon theparameterisationof thedecision

boundarybetweenclassesin two-classproblems.Thishasbeentermed‘transduction’

and leadsto the increasinglyeffective andpopularSupportVectorMachine(SVM)

classifierwhich is derivedfrom theprinciplesof learningtheory. While this technique

hasparallelsand influenceson the work in this thesis,theseissuesare dealt with

specificallyanda thoroughtreatmentis notmadenor is necessaryhereof SVMs.

2.6.1 Estimating class-conditionaldensities

If we aretakingadvantageof thedecompositionofferedby Bayes’theorem,thenwe

requiretechniquesfor estimatingthe class-conditionaldensitiesp � x � ωi � Ωall � (again

theconditioningonthecompletesetof classesis madeexplicit). Severalstandardtech-

niquesareavailable,andthesemaybecategorisedinto parametricandnon-parametric

densityestimationmethods.

By far the mostpopularparametricform is the Gaussiannormal form which is

definedas,for amultivariateobservationvector(DeGroot,1989):

p � x � ωk �"� 1� 2π � d # 2 � Σ � 1# 2 exp $%� 1
2
� x � µk � TΣ & 1 � x � µk �'��(
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Themaximumlikelihoodestimateof thisform is usuallyprefereddueto its closed

form andthestatistics,̂µ andΣ̂ areestimatedby thefollowing:

µ̂ � 1
N

N

∑
n� 1

xn � and (2.7)

Σ̂ � 1
N

N

∑
n� 1

� xn � µ̂�)� xn � µ̂� T � (2.8)

Another importantdistribution is the Bernoulli distribution which describesthe

probabilityof a vectorof binaryevents.This hasdirectapplicationto imageclassifi-

cation.Theinput vectorx consistsof d elementsxi ; i � 1 �	�	�
��� d. Eachx representsan

image. Eachxi cantake thevalues0 or 1. The probability of a specificinput vector

element,or pixel, for agivenclasscanbewrittenusingtheBernoulli distributionas:

p � xi � ω j �*� Pxi
j i � 1 � Pj i ��+ 1 & xi , � (2.9)

wherePj i is the probability that the ith pixel from an imageof the jth classis a

foregroundpixel.

Undercertainassumptionstheposteriorprobabilitiesof a Bayes’classifierusing

eithera Gaussianor Bernoulli distribution, dependingon the natureof the vectorx,

canbeshown to berepresentedby a logistic lineardiscriminant.This is shown in the

next section.

Alternative methodsfor densityestimationdo not requirea strict parameterisa-

tion, but insteadusethesampleof pointsin thedatasetto definethedensityat specific

points in the input space. In kernel-baseddensityestimationmethodsa region is

definedin theinputspace.ThemostsimplebeingtheParzenwindowwhich is defined

as:

H � u ��� �
1 if � u j �.- 1� 2

0 otherwise�
This definesa hypercubeabout the origin. To definea quantity that indicatesthat

a point xi landswithin a hypercubeof side h centeredon the point x we canwrite

H �	� x � xi �
� h� . This hasa volumeof hd whered is the dimensionalityof the input

space.

By consideringthe proportionof datapointslandingin this volumean estimate

of thedensityat point x canthenbeformulatedas:
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p � x ��� 1
N

N

∑
i � 1

1
hd H / x � xi

h 0 �
The field of probability densityestimationis still an openresearchfield, andin

practicethechoiceof whichdensitymodelto useis influencedmoreby theconstraints

on the designof the systemandthe propertiesof the applicationdata. In this thesis

Gaussiandistributionstendto be favouredfor class-conditionaldensitiesdueto their

simplicity, and Parzenwindow densityestimationis usedfor the class-conditional

overlapmetricin Chapter6 asa numericaltechniqueto avoid Gaussianintegration.

Howevertheuseof Bayes’theoremis not requiredif oneformulatestheposterior

probabilitiesdirectly. The advantagesof formulatinga posteriorprobability directly

is that the complexity of the model is concentratedon the boundarybetweenthe

classesandthedetailof theclass-conditionaldensitiesfar from thedecisionboundary

is ignored,sinceit haslittle effect on the final classificationrate. The estimationof

posteriorprobabilitiesis coveredin thenext section.

2.6.2 Estimating posterior probabilities

If one prefersto avoid the estimationof class-conditionaldensitiesthen it is pos-

sible to directly estimatethe posteriorprobabilities. This againcan be doneeither

parametricallyof non-parametrically. Popularparametricforms canbe derived from

assumptionsmadeon theclass-conditionalsvia Bayes’theorem.

If a linearparametricform is usedto estimatetheposteriorprobabilitiesthenthis

canbeshownto beequivalentto assumingGaussianclassconditionalswherethepriors

areequalfor all classesandtheGaussiancovariancesarerestrictedto strictly diagonal

non-zerovalues(Bishop,1995).

It is interestingto note that popularclassifierssuchas decisiontree classifiers

andk-NearestNeighboursareeffectivelyestimatinganon-parametricposteriordensity

throughlocaldecompositionof theinputspace.Decisiontreeclassifierssplit theinput

spaceinto a (usually)axis-orthogonalhyper-rectangleandthenreturnthe classlabel

with thegreatestproportionwith thespecifiedregion (seefigure3.8 for anexample).

Theclassproportionsgiventhespecificregion area local non-parametricestimateof

theposteriordistribution. This is discussedfurtherin Section4.1.

The k-NN algorithm doesmuch the same,except the region of input spaceis

determinedby adistancemetric(usuallyEuclidean)thatenclosesaspecificnumberof

pointsandthentheclassproportionsaretotalledgiventhis setof pointsandtheclass

with thegreatestproportionis chosen.
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2.7 Linear discriminants

Theuseof lineardiscriminantsis of importancelater in the thesisandthis sectionis

follows thatof Bishop(1995)to show that the outputsof a lineardiscriminantusing

a sigmoid activation function can be interpretedas posteriorprobabilitesunderthe

assumptionsof normallydistributedclassesof equalcovariance.

Considera two-classproblemin which the class-conditionaldensitiesaregiven

by Gaussiandistributionswith equalcovariancematricesΣ1 � Σ2 � Σ, sothat

p � x � ωk ��� 1� 2π � d # 2 �Σ � 1# 2 exp $1� 1
2
� x � µk � TΣ & 1 � x � µk �2(3�

Using Bayes’ theorem,the posteriorprobability of membershipof classω1 is

givenby

p � x � ωk �*� p � x � ω1 � P � ω1 �
p � x � ω1 � P � ω1 �54 p � x � ω2 � P � ω2 � (2.10)� 1
1 4 exp ��� a� (2.11)� g � a� (2.12)

where

a � ln
p � x � ω1 � p � ω1 �
p � x � ω2 � p � ω2 � (2.13)

andthefunctiong � a� is thelogistic sigmoidfunctiongivenby

g � a�*� 1
1 4 exp ��� a� � (2.14)

If we now substituteexpressionfor theclass-conditionaldensitiesfrom Equation

2.7 into Equation2.13weobtain

a � wTx 4 w0 (2.15)

where
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w � Σ & 1 � µ1 � µ2 � (2.16)

w0 � � 1
2

µ1
TΣ & 1µ1 4 1

2
µ2

TΣ & 1µ2 4 ln
P � ω1 �
P � Ω2 � � (2.17)

This shows that using a logistic linear discriminant (representedby y � g � a� us-

ing Equations2.15 and 2.14) is directly equivalent to estimatingGaussianclass-

conditionalsof equalcovarianceandthencalculatingthe posteriorsvia Bayes’ rule.

Thus the outputsof the logistic linear discriminantcan be interpretedas posterior

probabilites.

Also by a similar argumentthe logistic lineardiscriminantarisesif theobserva-

tionsarevectorsof binaryvaluesusinga Bernoulli distribution undertheassumption

thatthebinaryvectorelementsarestatisticallyindependent(seeBishop(1995)).

The input vectorx consistsof d elementsxi ; i � 1 �
�	�	� � d. Eachxi can take the

values0 or 1. Theprobabilityof aspecificinputvectorfor agivenclasscanbewritten

usingtheBernoulli distributionas:

p � xi � ωk �*� Pxi
ki � 1 � Pki � + 1 & xi , � (2.18)

wherePki is theprobabilitythatthevectorelementxi for classk hasthevalue1. If we

now assumethatthevectorelementsarestatisticallyindependentthetheprobabilityfor

thecompleteinput vectoris givenby theproductof theprobabilitiesof theindividual

vectorelements:

p � x � ωk �6� d

∏
i � 1

Pxi
ki � 1 � Pki � + 1 & xi , � (2.19)

Again usingthis formulationfor the class-conditionaldensityin Bayes’ rule, it

canbeshown thata logistic lineardiscriminantcanbeformulatedsuchthat:

P � ω1 � x ��� g � wTx 4 w0 ��� (2.20)

whereg � a� is givenby Equation2.14,and

w0 � ∑
i

ln
1 � P1i

1 � P2i
4 ln

P � ω1 �
P � ω2 � (2.21)

wi � ln
P1i

P2i
4 ln

1 � P1i

1 � P2i
� (2.22)
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For amoredetailedderivationpleasereferto Bishop(1995).Thishassignificance

whenclassifyingbinary images,althoughtheassumptionof statisticallyindependent

vectorelementsis broken.

2.8 Summary

Thecoreconceptsthatunderlystatisticalpatternrecognitionhave beenintroducedin

thischapter. A classificationproblemcanbebrokendown in to four coreconceptsand

thesearesummarisedasfollows:� The complexity of the problem - this is governedby the numberof classes

andthenumberof typesof observations(features).Theamountof information

presentin theobservationsdeterminesthefundamentaluncertaintyin theprob-

lem.� The complexity of the model - the form of themodelmustbechosen.It may

be have many or few parameters,andtheremay be a choicein the numberof

featuresusedby themodel.This will determinehow well themodelcanat best

representtheproblem.� Training the model to a suitable accuracy- theparametersof themodelmust

beestimatedfrom finite data.Themodelmustbetrainedto providegoodgener-

alisationperformance.� The interpretability of the model - the modelmay be requiredto provide an

addedunderstandingof the problem. In this casethe modelstructuremustbe

easilyunderstoodandrepresenttheunderlyingproblemwell.

Usually the problemis predefinedand its complexity in the numberof classes

andnumberof availablefeaturesis fixed.Thetasksof choosingthecomplexity of the

modelandtraining themodelparametersareinter-relatedandform thebias/variance

dilemma. The overall aim is to provide the modelwith goodgeneralisationability.

Over-simplemodelssuffer dueto aninnability to representtheproblem(strongmodel-

bias),but over-flexible modelsneedto have their complexity (high modelvariance)

controlledin a sensiblemannerthroughregularisation.Themostaccurateclassifiers

tendto have many parametersanda complex structurethat is controlledin this way,

however they tendto behardto interpret.If it is requiredthatthemodelstructureand

parametersaid theunderstandingof aproblem,thenthis usuallyrequiressimplemod-

elsandfew parameters,whichaffectshow adesignermightapproachthebias/variance
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dilemma. In this thesisinterpretabilityis an issue,andthis leadsto the requirement

that modelsshouldhave the fewestnumberof parametersandan easilyunderstood

structure.

The discussionherehasconcentratedon standardtechniques,and in the next

chaptertheparadigmsinvolvedspecificallywith themainthemesof thisthesis,namely

multicategory classificationandclass-dependentfeaturesareexplored. The relation-

shipbetweenfeaturesandclasseshasbeenemphasised.Theamountof discriminatory

informationprovidedby asinglefeaturegivenasubsetof thepossibleclasseshasbeen

definedby way of conditionalindependence.This is expandeduponin Chapter6 to

definethetermclass-dependentfeatures.An analysisin termsof anincreasingnumber

of classesfollows in Chapter3 andChapter4. This leadsto a goodunderstandingof

the complexity of the algorithmspresented,and shedslight on the real problemof

choosingtheright modelcomplexity for afixed-sizeproblem.



Chapter 3

Review of existing research

In Chapter2, patternclassificationwasdefinedandthe importantissuesthatunderlie

the field in generalwere highlighted. In this chapter, the issuesbehindthe central

themesin this thesisare considered,namelymulticategory classificationand class-

dependentfeatures. This is presentedin the context of existing researchin pattern

classificationandalthoughthereis little otherresearchspecificallyonclass-dependent

features,it is possibleto find otherresearchapproachesthat considertheproblemof

class-dependentfeaturesindirectly.

Thefollowing conceptsareof relevance:� Multicategoryclassification� Hierarchicalandpairwiseclassificationmodels� Class-dependentfeatures

Theseconceptsandrelatedwork is discussedin thefollowing sections.

3.1 Classificationwith many classes

Muchof modellingandlearningtheoryhasconcentratedonthe2-classproblem(Fried-

man,1997), this often allows rigorousanalysiswithout concernfor practicalissues

that arise in many real multiclassproblems. The statementthat a 2-classproblem

generalisestrivially to a k-classproblemoftenaccompaniessuchanalysis.While this

is a sensiblestatementfor small k, therearemany applicationsthat requireefficient

solutionsto problemsof many classessuchas handwriting recognition(especially

Chinese),face recognition,speaker recognitionetc. In thesecasesthe effects of

32
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many classeswill have somebearingon the accuracy andefficiency of the different

classifiersused.Theimportantissueis thescalabilityof themulticlasstechniquesfor

increasingnumberof classesk. Approachesto multiclassproblemswith many classes

arereviewed in this sectionwith a qualitative analysisof the scalabilityproblem. A

morerigorousdiscussionis givenin thenext chapterwith quantitativeanalysis.

An excellent survey of classicalstatisticalpatternrecognitionis given in Jain,

Duin andMao(2000),althoughadiscussionof theimportantsubclassof multicategory

classificationis conspicuousby its absencein this otherwisecomprehensive review

paper. Of the classificationalgorithmsconsideredin this survey it is important to

considertheir potentialapplicabilityto multicategoryclassification.

2-classAlgorithms MulticlassAlgorithms

Logistic Classifier k-NearestNeighbourClassifier

FishersLinearDiscriminant TemplateMatching

Perceptron NearestMeanClassifier

Multi-Layer Perceptron SubspaceClassifier

RadialBasisFunctionClassifier BayesPlug-inClassifier

SupportVectorMachine ParzenClassifier

Decision-TreeClassifier

Table 3.1: Suitability of establishedclassificationalgorithmsto 2-classandmulticlassprob-
lems

In Table3.1theclassificationalgorithmsreviewedin Jainetal. (2000)aredivided

into two categories:firstly thosewhich arenaturally2-classclassifiers,andsecondly

thosewhichareinherentlymulticlassclassifiers.Thisdistinctionneedssomeclarifica-

tion asall thesealgorithmscanbeusedfor multicategoryclassification.

A classifieris assumedto be a natural2-classclassifierif its formulationis de-

rived from a 2-classproblem. This is mostobvious for thesetof lineardiscriminant

classifierssincethey areformulatedin themostsimplecaseas

y � wTx 4 b � (3.1)

wherethe observation x is assignedto classω1 if y - 0 and classω2 if y 
 0. A

classlabel is chosenfrom � ω1 � ω2 � arbitrarily if y � 0. This is obviously a purely

binaryclassifier, anda combinationof suchclassifiersis neededto solve a multiclass

problem.Theaboveformulationdescribesaperceptron,andis generalisedto alogistic
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classifierby applyingthelogisticfunction(Equation2.14)to theoutput.Fisher’slinear

discriminantis alsoof this form, but providesa closed-formsolutionto finding w and

b.

Multi-layer perceptrons,radialbasis-functionclassifiers,(Bishop,1995)andsup-

port vectormachines(Burges,1998)aretypesof generalisedlineardiscriminantsand

maptheinputsinto analternative ‘hidden’ spacewhich is thenfed to a lineardiscrim-

inant. In this sensethey areconsideredbinaryclassifiers,sincein eachcasea binary

classifieris usedfor theoutput.Thenext sectioncoversthemethodsusedto generalise

thesebinaryclassifiersto many classproblems.

Alternatively, the classifiersin Table3.1 that areconsideredinherentmulticlass

classifiersarederivedfrom a multiclassproblem,andneedno extra formulation.The

generalmulticlassclassifierscanbegroupedinto threecategories:� Bayesplug-in classifiers(includingnearestmeanandParzenclassifier),� subspaceclassifiers(includingkNN andtemplatematching),and� decisiontreeclassifiers.

Thefirst categorytransformstheclassificationtaskinto adensityestimationprob-

lem,sinceclassconditionaldensitiesaremodelledandthen‘pluggedinto’ Bayesrule,

which resultsin therequiredposteriorprobabilities.Thenearestmeancanbederived

from aBayesclassifierunderassumptionsof equalpriorsandcovariances.TheParzen

classifierusesParzendensityestimation(Bishop,1995)to modeltheclass-conditional

densitiesin Bayesrule. Subspaceclassifiersanddecisiontreeclassifierscanbeshown

to estimatelocal posteriorprobabilitiesconditionedon wherethe observation vector

lies in theinput space;this is shown in Chapter4.

3.2 Generalisingbinary classifiersto many classes

If asetof 2-classlinearclassifierswereto beusedto distinguisheachclassin ak-class

problem,thenthemostcommonchoicewouldbeto trainasetof k classifierssuchthat

eachonediscriminatesoneclassfrom theremainingsetof classes.

In this caseeachclassifieris given the taskof distinguishingbetweentwo class

subsetsΩl
i andΩr

i , i � 1 �	�	�	��� k, for thek models,which aredefinedasfollows:

Ωl
i � � ωi �7� (3.2)

Ωr
i � � ω j ; � j �� i �7� (3.3)
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Whenusingaperceptronor lineardiscriminantit is oftenthecasethatthedesired

outputfor eachmodelgivenaspecificinput,which is commonlyknown asthetraining

target,is representedasavectorfor apoint assignedto class j (Nilsson,1965),

t ��� t1 �	�	�
�
� tk � T � ti � �
1 if i � j

0 otherwise�
In this casetherearek separateproblemsbeinglearnt,in eachonea singleclass

is beingdiscriminatedfrom all theothers.This is illustratedfor lineardiscriminantsin

Figure3.1.
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Figure 3.1: Usinglogistic lineardiscriminantsto discriminatek classesEachxi is anelement
of theinput vector. Theseareweightedandsummedat theoutputnode.Theoutputrepresents
aposteriorprobabilitywhenpassedthroughthesigmoidfunction.

It shouldbe notedthat only k � 1 modelsareneededto discriminatek classes.

Theposteriorprobabilitiesmustaddup to 1 dueto theclosed-world assumption,and

the valueof the last modelmay be calculatedfrom the first k � 1 models. However,

in practisetheoutputsarenot normalised,andno longersumto unity. It is therefore

usuallythecasethatk modelsareevaluated.

Thediagramon the right of Figure3.1 is merelya morecompactway of repre-

sentingthesamesetof models.Thereis noaddedinteractionbetweenthemodels.This

is dueto the single-layernatureof a perceptronor linear discriminant. The casefor
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Figure 3.3: UsingaMLP discriminate4 classes,8 ω1 9 ω2 9 ω3 9 ω4 :
multi-layerperceptronsis differentsincethereis someinteractionbetweenthelayers.

This is illustratedin Figures3.2and3.3.

Figure3.2 shows a multi-layer perceptronof five input nodes,six hiddennodes

andoneoutputnode.This modeloutputstheprobabilityof classω1 in a binarydeci-

sionbetweenclasses� ω1 � ω2 � . The logistic linearhiddennodespartition theoriginal

featurespaceby wayof linearridgefunctionsin theinput space.This is written

φ j � g � wT
j x 4 b j ��� (3.4)

whereg ���;� is thesigmoidfunction(Equation2.14),w j is theweightvectorfor the jth

hiddennode,andb j thebiasfor thesamehiddennode.Thelogistic linearoutputnode
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thencombinesthesepartitionedregionsto form a decisionboundarybetweenthetwo

classes.This is written

yi � x ��� h

∑
j � 1

wi jφ j � x �54 ci � (3.5)

whereh is the numberof hiddennodesand eachwi j � j � 1 �	�	�
��� h form the weight

vector, andci the bias,for the ith output(in this casethereis only oneoutput). The

numberof hiddennodesis aresultof thecomplexity of thedecisionboundarybetween

the two classes,and in practiceis often found empirically. This is generalisedto a

multiclassproblemin muchthe sameway as the perceptron,by addingextra linear

outputlayersto predicttheposteriorprobabilitiesfor eachclassfrom thehiddennode

featurespaceasin Figure3.3.

A foreseeableproblemwith this techniqueasa scalablemulticategory classifier

is that morehiddennodeswill have to be addedto copewith the complexity of the

decisionboundariesbetweenseveralclasses.Thehiddento outputweightswill then

selectwhich hiddennodeswill beusedto constructthedecisionboundariesbetween

neighbouringclasses.With many classes,only a few of the total numberof hidden

nodeswill relateto theboundaryaboutany oneparticularclass,andmany of thehidden

to outputlayerweightswill bezero.Much researchhasgoneinto trainingMLPs and

a goodtraining algorithmwill no doubtfind a sufficient parameterisationfor sucha

problem,but theprocesswill ofteninvolveaparticularlycomplex andtimeconsuming

non-linearoptimisationfor which thereis no guaranteedsolution. Whentheproblem

is well understood,it is better to usea dedicatedtechniqueto solve the multiclass

problemandnot rely onanuneconomicaloptimisationtechniqueto do thework. This

is discussedfurtherin Sections4.7.1and4.8.

Radialbasisfunctionclassifierswork onmuchthesameprincipleexceptthateach

hiddennoderepresentsa kernelfunction,usuallyof theform

ψ j � exp <"� �=� x � µj �=� 2
2σ2

j > � (3.6)

wherex is theinputvector;µj is thecentre,andσ j controlstheradius,of the jth basis

function.A linearoutputlayeris definedonthesebasisfunctionsto givetheoutputfor

classωi as

yi � x ��� m

∑
j � 1

wi jψ j � x �54 bi � (3.7)
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wherem is thenumberof basisfunctionsandeachwi j � j � 1 �	�	�	��� m form theweight

vector, andbi thebias,for the ith output. Again, a certainnumberof basisfunctions

will giveriseto thedecisionboundariesbetweenneighbouringclassesandmany of the

weightswi j will bezerofor aproblemwith many classes.

Supportvectormachineshavebeendevelopedpredominantlyasbinaryclassifiers,

althoughrecentlyformulationsof multicategoryclassifiersusingSVMs havebeende-

veloped.A suitableapproachis givenby Kressel(1999)wherethek-classproblemis

decomposedinto a setof 2-classproblems.This leadsnicely into thenext sectionin

which alternative approachesto generalisingbinaryclassifiersarereviewedincluding

suchpairwisediscriminants.

3.3 Alter native approaches to generalising a 2-class

problemto k classes

Although by far the most commonapproach,the methodsusedto generalisea set

of 2-classclassifiersto a k-classproblemdescribedabove arenot the only options.

Alternativeresearchapproachesarereviewedin thefollowing.

In a recenttech report (Friedman,1996),Friedmanpresenteda formulationof

a pairwiseclassifierwhereeachclassis comparedagainstevery otherclassby a set

of pairwiseclassificationmodels. The classwith the most positive classifications

over all modelsis assignedas the output label. A similar approachis presentedas

a methodof generalisinga 2-classsupportvectormachineto a k-classproblem,again

by combininga setof pairwisemodels(Kressel,1999). Goodperformanceis shown

for the pairwisemodelon a handwrittendigit recognitionproblem,evenwhenusing

simplelineardiscriminants.In (JiaandRichards,1998)multicategeoryclassification

is interpretedasa cascadeof binary classifierswherepairsof classesarecompared.

Figure3.4 illustratesthestructureof thisclassifier, althoughthepairwisenatureof the

binarydecisionsarethesameasFriedman(1996)andKressel(1999).

The pairwisetechniquesdescribedabove aresimilar in motivation,but differ in

themethodsusedto combinetheoutputsof eachpairwisemodelto reacha final clas-

sification. JiaandRichards(1998)usea methodthatrejectsoutrighta classthat fails

any oneof thepairwisetests.Friedman(1996)examinesa winner-takes-allalgorithm

thatchoosestheclasslabelwith themostfavourablecomparisons,however this needs

a heuristicfor evaluatingtie-breaksituations.Kressel(1999)suppliesa heuristicfor

evaluting suchtie-breaksituations,or suggeststhat tie-breaksshouldbe rejected.A

principled approachto the combinationrule for the classifiersis lacking, and it is
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Figure 3.4: Progressive two classdiscriminantfor six classes

shown in Chapter4 thatby usingaprobabilisticformulation,aprincipledcombination

schemecanbederived.

Another techniquefor multiclassclassificationis presentedby Dietterich and

Bakiri (1995)which investigatestheuseof anoutputencodingmotivatedfrom error-

correctingcodesoftenusedin datacommunication.A codebookof binaryvectorsis

generatedsuchthat the Hammingdistancebetweenall vectorsis maximised.These

vectorsarethenarbitrarily assignedto classesasoutputvectorswherea one-of-n out-

put encodingwould normallybeused.Theseerror-correctingoutputcodes(ECOCs)

arelongerthantheir counterpartone-of-n outputvectorsfor many-classproblems,but

the papershows a significantimprovementin performancewhenusingECOCswith

multi-layerperceptronsanddecisiontrees.Thissuffersfrom theneedto find asuitable

codebook(anexampleis givenin Figure3.5).Thesizeof thecodebookis in theorder

of 2k & 1 � 1 columnsfor k classes,anda 2-classclassifierneedsto be learntfor each

columnin thecodebook.Findingasuitablecodebookis anopenresearcharea.

Yetanotherapproachis to treatthemulticategoryproblemasasetof subproblems

which canberepresentedasa tree,wheretheterminalnodesof thetreedefinewhich
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?@@@@@@@@@@@@@@@@@@A

f0 f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14

C1 1 1 0 0 0 0 1 0 1 0 0 1 1 0 1

C2 0 0 1 1 1 1 0 1 0 1 1 0 0 1 0

C3 1 0 0 1 0 0 0 1 1 1 1 0 1 0 1

C4 0 0 1 1 0 1 1 1 0 0 0 0 1 0 1

C5 1 1 1 0 1 0 1 1 0 0 1 0 0 0 1

C6 0 1 0 0 1 1 0 1 1 1 0 0 0 0 1

C7 1 0 1 1 1 0 0 0 0 1 0 1 0 0 1

C8 0 0 0 1 1 1 1 0 1 0 1 1 0 0 1

C9 1 1 0 1 0 1 1 0 0 1 0 0 0 1 1

C10 0 1 1 1 0 0 0 0 1 0 1 0 0 1 1

BDCCCCCCCCCCCCCCCCCCE
Figure3.5: An exampleof acodebookof error-correctingoutputcodesfor 10classes

classlabel to assignto the output. Sincethereis a greatvolumeof literatureon this

typeof classifierthenext sectionis devotedto tree-based,or hierarchicalclassifiers.

3.4 Hierar chical classification

Beforeembarkingon a discussionof tree-basedalgorithmsit is sensibleto definethe

terminologyusedto describetreesandassociatedconcepts.A treeis a specialisation

of a connectedgraphdescribedby a setof nodes, N, andarcs, V. An arc is a node

pair. A noden1 � N is connectedto noden2 � N if thereexists a pair � n1 � n2 �F� V.

A treediffers from a graphin that thereis only onepathfrom any onenodeto any

othernode(no cycles).Usuallya particularnoder � N is calledthe root nodeandall

nodesconnectedto theroot nodearecalledchildren, theroot nodebeingtheir parent.

Thesechild nodesmayhavechildrenof theirown. Any nodeexcepttheroot nodehas

exactly oneparent,althoughany parentmayhave many children. The root nodehas

noparents.Nodesthathavenochildrenareknown asterminalnodesor leaves. Nodes

thathavechildrenarecallednon-terminalnodes. A specialisationof a treeis a binary

treewhereeachnodemayhave no morethantwo children.A balancedbinarytreeis

abinarytreewhereeachnon-terminalnodehasexactly two children.

An exampleof a balancedbinarytreeis givenin Figure3.6. NodeA is theroot,

nodesA, B, C, D, E, F, andG, arenon-terminalnodes,andnodesH, I, J, K, L, M,
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Figure 3.6: An exampleof abalancedbinarytree.

N, andO areleaf nodes.NodeA is nodeB’s parentandnodesD andE arenodeB’s

children.

Hierarchicalclassificationis awell establishedfield, with earlypublicationsfrom

thelatenineteensixties(Fu,1968;HenrichonandFu,1969).It is importantto review

the historicaldevelopmentof hierarchicalclassification,andpatternclassificationin

thebroadersense,to beableto placethesignificanceof this work. In fact the impe-

tus for this work resultsfrom a reinvestigationof the hierarchicalclassifierwith the

hindsightof whatis now known in machinelearning.

It hasbeenlongsinceknownby decomposingaclassificationtaskof many classes

into a hierarchyof subtasksthatcertainadvantagescanbegained(PayneandMeisel,

1977;Swain andHauska,1977;Mui andFu,1980).Theseare:� a reducednumberof featurescanbeusedat eachnode,� featuresareonly calculatedwhenrequiredfor classification,� specialisedfeaturesmaybe usedat specificnodeswithout impactingtheaccu-

racy or efficiency of othernodes,and� a reducednumberof comparisonswill bemadeat eachnodeduringclassifica-

tion.

Thereare also well known disadvantages(Mui andFu, 1980; Kim andLandgrebe,

1991):



CHAPTER3. REVIEW OFEXISTING RESEARCH 42� thenumberof possibletreestructuresfor ak-classproblemis astronomicaleven

for amoderatelysmallk, (seeSection4.4)and� theoptimisationof thetreestructureandthefeaturesubsetsateachnodecannot

feasiblybedonesimultaneously.

Therearemany waysto designahierarchicalclassifier, agoodreview paperbeing

(Safavian andLandgrebe,1991). The dominatingmotivation behindall hierarchical

classifiersis thata complex decision-makingprocesscanbebrokendown into many

smallerdecisionsallowing a solution that is easierto interpret,and allowing fewer

featuresto be usedat eachdecisionnode. However it is shown in Chapter4 that

there is a conceptualdifferencebetweenhierarchicallypartitioning the input space

andhierarchicallypartitioningthesetof classes,andalthoughthis canleadto similar

looking hierarchicalclassifiersthedistinctionis important.This is a novel distinction

thatis notacknowledgedin theliteratureon tree-basedclassifiers.

Neverthelessimportantdesignchoicesto bemadewhenusingahierarchicalclas-

sifierhavebeeninvestigatedthroughouttheliteraturewhichhasshapedtheresearchin

this area.Themostimportantdesigndecisionsareasfollows:� Decisionrule- choiceof classsifier, hardor softdecisions,numberof parameters� Treestructure- binarytree,n-tree,classoverlap� Treedesign- top-down, bottom-up,combinatorialsearch

Thesedecisionshavebeenexploredin theliteratureonhierarchicalclassification

overthelastthreedecadesandthispreviouswork is reviewedin thefollowingsections.

3.5 Decisionrule

In any hierarchicalclassifier, processingis performedat eachnode,startingat theroot

anddescendingdown the treein sucha way that a final classlabel canbe chosenat

the leavesof the tree. Therearemany waysthat the nodesmay behave, resultingin

differenttypesof hierarchicalclassifierwith a rangeof advantagesanddisadvantages.

Usuallythedecisionmadeat anodedictateswhich of thebranchesfrom thatnodeare

followed,resultingin themostcommonfamily of hierarchicalclassifiers,thedecision

tree classifiers(DTCs). Theseare usually describedas makinghard splits, or hard

decisions. However thereare other ways of propagatingthe information from the

root of the treeto the leaves,mostsignificantlyby calculatingprobability valuesfor
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eachbranchin thetreeandpropagatingthenecessaryvaluesdown to theleaves.This

converselyis decribedassoft decisionmaking. This is the techniqueadoptedin this

thesis,but it is importantto survey thecompleteliteratureonhierarchicalclassifiersto

highlight thedistinctionsandrelativemeritsof thealternativeapproaches.

This sectionis divided into subsectionsthat describethe prior researchfirstly

onharddecision-makingclassifiers,includingthosethatrestricteachdecisionto axis-

orthogonalsplits,whichleadsto apopularrule-basedDTC.Thensoft-decisionmaking

treeclassifiersarereviewed.

3.5.1 Hard decisionnodes

A discussionof hard and soft decisionmaking in tree-basedclassifiersis given in

(Sethi,1995). Decisiontreeclassifiersthathave harddecisionnodestendto bemore

interpretablein termsof the resultingrulebase,but decisiontreeswith soft decision

nodestendto bemorerobustto errorandexhibit betterclassificationperformance.

This sectionis concernedonly with the effectsof makinga harddecisionusing

any appropriatefamily of functions usedto representthat decisionboundary. By

far the most commondecisionstrategy is to usea simple linear decisionboundary

in the input space.This is often restrictedto a function of only one input variable,

which leadsto axis-orthogonalsplits,which aredescribedin Section3.5.2.Themost

commondecisionboundariesaredescribedusinga linear combinationof the inputs,

(Gama,1997)oraquadraticdecisionboundarythatresultsfrom amaximumlikelihood

classifierundertheassumptionsof normallydistributeddata(SwainandHauska,1977;

Mui andFu,1980).

Early papershave investigatedthe performanceof classifiersusing suchhard-

decisionboundaries.Swain andHauska(1977)describea decisiontreeclassifierin

which decisionsaremadebetweendistinctsubsetsof classesat eachnodein thetree.

Althoughtheissueis notaddressedexplicitly, they restricttheclasshierarchysuchthat

eachclassmayappearon only onebranchof a node.Eachnodemayalsohave more

thantwo branches.The treestructureis designedeitherby manualinspectionof the

classdistributionsfor eachinput feature,or by adiscretesearchalgorithmdescribedas

‘a guidedforwardsearchwith pruning’. Theobjective functionusedis a combination

of classifieraccuracy andcomputationtime for thatclassifier. They reportfavourable

results,with theoverall accuracy reproducingtheaccuracy of a singlestageclassifier

but with asignificantdecreasein computationtimewhenclassifying.

Similarly, in an applicationthat involves the classificationof many classesin

a high-dimensionalinput space,Kim and Landgrebeusea hierarchicalclassifierto
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improve classificationaccuracy in remotesensing(Kim andLandgrebe,1991). They

show that by usinga decisiontreeclassifieranda suitablefeatureselectioncriterion

that the hierarchicalclassifierproduceshigher accuracy with fewer featuresthan a

conventionalsingle-layeredclassifier.

3.5.2 Axis-orthogonal splits

A well knownandusedalgorithmfor classifyingpatternsusingahierarchicalrule-base

is describedby Quinlanin his bookC4.5: Programsfor MachineLearning(Quinlan,

1993)developedfom researchfirst introducedby Friedman(1977). A decisiontree

canbegeneratedfrom a trainingsetof labelledfeaturevectors.This canthenclassify

unseenfeaturevectorsasbelongingto oneof thepossibleclasslabels. Eachnodein

thetreerepresentsa ruleon asingleelementof thefeaturevector. If a rule is satisfied,

thena particularbranchof thetreeis bechosenthat leadseitherto a leaf nodewith a

classlabel,or a subtreewith further rules. A pathfrom theroot to a leaf is foundon

thebasisof a givenfeaturevectorandthe labelattachedto the leaf is assignedasthe

classification.This is known asharddecisionmakingandis illustratedin Figure3.7.

ω ω ω ω ω ω ωω 1 2 3 4 5 6 7 8

Figure 3.7: A treeclassifierusinghardsplits to discriminate8 classes.A singlebranchis
chosenat eachnodeandthereis only oneleafnodechosen.

Sincethe decisionare madeon a single input variableat a time, the decision

boundariesareorthogonalto theinput axiscorrespondingto this input andparallelto

all others.This is illustratedin Figure3.8,whichshows thatmany splitsareneededto

separateclasseswhoseboundariesareobliqueto theinputaxes.
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x2

x1

Figure 3.8: Usingaxis-orthogonalsplits to discriminate4 classes.Eachshadedregion repre-
sentstheareaof input spacecoveredby asingleclass.

Thesetreesaretrainedin a top-down fashion,wherebya rule is foundthatsplits

the input spaceinto the most homogeneousset of subspacesusing entropy-based

measures,which then may be split further until a satisfactory model is achieved.

Regularisationis oftenappliedby pruninglower branchesof the treethatover-fit the

training data, this improves the generalizationpropertiesof the model. A human-

readablerule-basecan also be generatedfrom sucha model, but the model can be

said to exhibit a high modelbiasdueto the univariatenatureof the rules. Another

significantdisadvantagewith this typeof classifieris that the resultingrulebasefor a

complex multicategory problemoftenhasmany ruleswhich makestherulebasehard

to interpret.

Thereare many variationsto thesemodelsthat use, for example,multivariate

splits at eachnode(Gama,1997)or differentsplitting criteria. An extensive review

of decisiontreeclassifiersin generalis givenby Safavian andLandgrebe(1991). An

exampleis givenin Figure3.9 of a decisiontreethatusesbivariate,or obliquesplits.

Thisallows thesameclassesto beseparatedusingfewerdecisions.

3.5.3 Soft decisionnodes

An alternativeto makingharddecisionsateachnodein thetree,whereonly onebranch

from eachnodeis traversed,eachnodemay outputa valuefor eachof its branches.

Thenthesevaluescanbecombinedfrom parentto child nodeasthetreeis traversed,

to producea vectorof resultantvaluesfor eachleaf in the tree. This is illustratedin

Figure3.10.Theclassificationdecisioncanthenbemadeaccordingto somedecision
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Figure 3.9: Usingbivariatesplitsto discriminate4 classes.Eachshadedregion representsthe
areaof inputspacecoveredby asingleclass.

rule on this vectorof values.This is known assoft-splitting,or soft decisionmaking.

ω ω ω ω ω ω ωω 1 2 3 4 5 6 7 8

Figure 3.10: A treeclassifierusingsoft splits to discriminate8 classes.The probability is
distributeddown thetree,andtheclasswith thehighestprobabilityis chosen.

Quinlan (1987) adaptedhard decisiontreesto have a soft thresholdabout the

decisionboundaryby usinga linear ramp function. Probabilitiesare approximated

from thesesoft thresholds.It is convenientto modeltheoutputvaluesat eachnodeas

real probabilities,asthenwe have a rigorousframework on which to basethecalcu-

lation andcombinationof thesevalues.Sucha probabilistictechniqueis presentedin

SchuermannandDoster(1984)andSchurmann(1996)andthis techniqueis adopted

in (Bailey andHarris,1999).A novel formulationof is givenin Section4.2.
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Schurmannpresentsa probabilistichierarchicalclassifierthat is motivatedfrom

limitationsmadebymodel-basedclassifiersonfinitedatasets.As thenumberof classes

increasefor asingle-layerclassifier, thecomplexity of theoptimumdiscriminantfunc-

tionsalsoincreases.Theapproximationsmadeon theposteriorprobabilitiesby insuf-

ficientprobabilitymodelsincreaseandconsequentlythefinal errorrateincreases.The

problemis alleviatedby breakingthemany-classdiscriminationtaskinto amuchsim-

plersubproblemwherebythesetof classesis split into two subsets,anddiscrimination

is performedbetweenthetwo subsets.Eachsubsetcanbesplit similarly resultingin a

hierarchyof 2-classdiscriminationproblems.It is not necessaryto alwayssplit a set

of classesinto two subsets,anarbitrarynumberis possible.Howeverall problemscan

berepresentedby binarytreesusing2-classsplits.

Theuseof probabilisticdecisionsateachnodedoesindeedhaveasignificantim-

pactonthedesignof thetree.It is shown in Section4.4thataprobabilistichierarchical

classifieris asymptoticallyequivalentto aBayesclassifier. Oneof themostsignificant

differenceswhenusingthis model,asshown in the analysis,is that therecanbe no

overlapbetweenclasssubsetsat any decisionnode. This always resultsin a finite

treewith k � 1 nodesfor a k-classproblem. The searchstrategiesfor sucha tree is

thenconsiderablydifferentthanfor a treewith overlapwhich canhave exponentially

greaternumbersof nodes.

Onedisadvantage(Safavian andLandgrebe,1991)is that all the branchesmust

now have to betraversedto computetheposteriorsfor eachclass.Schurmann(1996)

suggeststhat a minimum thresholdvaluecanbe usedthatwill allow computationto

bestoppedprematurelyfor somebranches.It is shown in Section4.10.2that indeed

a principledmethodfor cut-off canbeusedthathassignificantcomputationaladvan-

tages.

3.5.4 Non-homogeneousdecisionnodes

In either formulationof a hierarchicalclassifierwherethereis no restrictionon the

chosendecisionrule thereis no reasonto supposethatthedecisionrule shouldbethe

samefor all nodes(Jia andRichards,1998). In fact thereis a compellingreasonto

choosethe decisionrule with the lowest affordablecomplexity for the task at each

node.This is elaboratedin Section4.7.1.
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3.6 Treestructur e

Hierarchical,or tree-basedclassifiersall have a recursive treestructurein common.

However, dependingonthealgorithmusedtherearestill differencesbetweenthetypes

of treesused. This may be in the numberof branchesallowed from eachnode,or

whetherthesameclassis allowedto belongto morethanonebranchfrom anode.

The advantagesto be gainedby usinga tree-basedclassifierwill only be max-

imised if an appropriatetree structureis found for the classificationproblem. It is

known that an exhaustive searchof all possibletreesis NP-completefor the case

of finite treeswith no classoverlap,andthis searchspaceis even larger for treesin

which thesameclassis allowedon oppositebranchesof thetree.AlgorithmsareNP-

completeif they belongto thesetof problemsthatcannotbesolvedin polynomialtime,

the time takento solve theproblemis usuallyexponentialin thesizeof theproblem.

Therearemany techniquesfor finding a goodtreestructureandthesearereviewedin

this section.

Thebinarydecisiontreeis by far themostappropriatetreestructureto usewhen

designingatreeclassifier, sinceak-tree- atreewith k branchespernode,canalwaysbe

representedusinga binarytree.Constrainingthetreedesignto binarytreessimplifies

thedesignprocedure.

3.6.1 Classoverlap

It is particularlyimportantin this thesisto acknowlegdethedifferencebetweentree-

basedclassifiersthat allow the sameclasslabel to appearon different leavesof the

tree,asthis is shown in Chapter4 to be the resultof a fundamentaldifferencein the

derivationof thetree-basedclassificationalgorithm. Existingresearchis discussedin

this sectionregardingthis propertyof tree-basedclassifiers.

Kulkarni and Kanal (1976) presenteddynamic programmingand branch-and-

boundasmethodsfor designinghierarchicalclassifierswheretheclasslabelis allowed

to appearmorethanoncein thedecisiontree.Theoptimisationproblemis particularly

complex andclusteringtechniquesareusedto replacemany datapointsby prototypes

to increasethespeedof theoptimizationalgorithm.

RossQuinlanhasdevelopedmuchwork ondecisiontreesthatallow classoverlap

(Quinlan,1993).Many decisiontreedesignissuesareaddressedin thisbook,although

mostof thediscussionis restrictedto univariate,or axis-orthogonal,splitsateachnode.

Thetreestructureis generatedusinga top-down splitting algorithm. This is a greedy

searchthat decomposesthe input spaceinto a numberof regionsusinghyperplanes.
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Thehyperplanesareusuallyorthogonalto asingleinputaxisandparallelto all others.

Thepositionof thehyperplanesis foundusinga metriccalledthegainratio which is

a measureof homogenityof classlabelsof thesetof classpointson eithersideof the

hyperplane.

This techniqueusuallysuffers from overfitting if the treestructureis allowed to

grow until the training error is zero. Pruningalgorithmsapproachthis problemby

removingnodeslow down in thetreeuntil asensiblegeneralisationerroris achievedon

a separatetrainingdataset.A quasi-probabilisticapproachis givenin (Quinlan,1993)

wheresoft decisionsare madeusing probability valuesestimatedfrom a piecewise

linear approximationof the sigmoid function. However this is an approximationof

probabilityvalues,in Chapter4atrueprobabilisticmodelisgivenfor asimilardecision

treeclassifier.

A clusteringdesignprocedureis presentedin (Lin andFu,1983)wherek-means

clusteringis usedto partitionthesetof classesinto two roughlyequalsubsetsstarting

from the root to generatea binary treewith classoverlap. Criteria areintroducedin

the designof the treeto ensurewell-balanacedtreeswhich areexpectedto be more

computationallyefficient whenclassifying. However the designprocedureinvolves

a considerableamountof userinteractionto producean efficient classifier. Feature

selectionis performedateachnodein thetreeusingsequentialforwardsearchwith ei-

thertheBattacharyyaor Mahalanobisdistancesusedasperformancecriteria.A Bayes

classifierandk-NN classifierwereusedasthedecisionrule at eachnode. Thek-NN

classifierusingk-meansclusteringfor featureselectionproducedthebestclassification

accuracy.

An efficient methodfor finding the treestructurebasedon multivariatestepwise

regressionis givenin (Qing-Yun andFu,1983).Again a binarytreewith multivariate

lineardecisionnodesis usedandclassesareallowed to overlapbranchesof the tree.

A comparisonwith theresultsof Lin andFu (1983)aremadewith theauthor’s results

showing a slight improvementin bothaccuracy andcomputationalcostfor classifica-

tion.

Someresultsfrom an early paperusing a tree without classoverlapare given

in (Landeweerdet al. 1983). They have a morerigorousapproachto generalisation

performance,stressingtheneedfor thedatato besplit into a train andtestset. Their

modelusesFisher’s linear discriminant(Bishop,1995)asa decisionrule with hard

splits. Featureselectionis done using bilateral Student’s t-testsand stepwiseco-

varianceanalysis. The treestructurewasconstructedwith an agglomerative design

procedureusingtheMahalanobisdistancebetweenclassmeans.
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However they report that the binary treeclassifierdoesnot improve on the per-

formanceon a single-level classifier. This may be due to the fact that the one-shot

classifiermight beusinga moreflexible decisionboundary. Theauthorsdo neverthe-

lesscredit the treeclassifierwith theability to selectfewer featuresat eachnodeand

thereductionof computationaleffort whenclassifying.

3.6.2 Classoverlap and decisioncomplexity

It is importantto notethat all techniques(except for Lin andFu (1983)who usek-

NN) useeitherlinear, or quadraticdecisionboundariesto discriminatebetweenclass

subsetson either side of eachnode. Theseresult from maximumlikelihoodBayes

classifiersunder assumptionsof Gaussiandistributions with equal, or unrestricted

covariancematricesrespectively (seeSection2.6). It may well be the casethat the

datadoesnot adhereto theseassumptions. If classoverlap is allowed then more

thanonenodecancontributeto discriminationbetweenclasssubsets.This effectively

allows a morecomplex decisionboundaryto be definedbetweenclasseswhich may

overcometheinflexibility of univariatelinear, multivariatelinearor quadraticdecision

boundaries.Whenusingunivariatelinear modelsthenclassoverlap is essentialfor

goodclassificationaccuracy.

If no classoverlap is allowed then only one decisionboundarycan make the

distinctionbetweentwo classsubsetsbeforethey arefurther discriminatedby lower

branches.In this caseit is importantto useappropriatetechniquesto ensurethat a

flexible enoughdecisionboundaryis usedat eachnode.This canbeachievedin two

ways- eitherby usinga moreflexible parametricform for thedecisionboundary, or

by usingenoughfeaturesat eachnodesuchthat a linear decisionboundarymay be

usedeffectively. Theseissuesareaddressedin Chapter4 which motivatestheuseof

the hierarchicalclassifierusedin this thesis. It is alsoshown in Chapter4 that if no

classoverlapis usedthenthereis afinite numberof decisionnodesin thehierarchical

classifierandby manipulationof thehierarchicalstructurethenthecomplexity of the

decisionboundaryat any nodecanbecontrolled.Dueto thefixedsizeof thetreefor

a singleproblem,othertreeoptimizationtechniquescanbeusedto find thebesttree

structureandthesearedescribedin Chapter5.
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3.7 Relatedhierarchical techniques

In theprevious sectiondecisiontreeclassifierswerediscussedregardingtheir useas

multicategory classifiers. This sectiondescribesseveral techniquesof interestthat

usea hierarchicalstructurefor modelling. Both the hierarchicalmixturesof experts

andthehierarchicallatentvariablemodeldescribedbelow needto estimatelatent,or

hidden,variablesthatrepresentthemixturecoefficientsbetweenthesubmodelsin the

hierarchy. This is not necessaryfor thehierarchicalclassifierin Chapter4. Indeeda

mixturemodelmaybeusedfor eachnodein thehierarchybut, asexplainedin Section

4.7.1,themixturecoefficientscanbecalculatedusingthetrainingclasslabels.

3.7.1 Hierar chical mixtur esof experts

A hierarchicalmixturesof experts(HME) aspresentedby JordanandJacobs(1991)

andalsoin (JordanandJacobs,1994)is a tree-structuredarchitecturefor supervised

learning.Themodelis composedof a mixtureof generalizedlinearmodels,gatedby

mixturecoefficients.A modelcanbebuilt fromamixtureof HME’s,thusthehierarchi-

calstructure.Thearchitectureeffectively splitsthefeaturespaceby ahierarchyof soft

splits(probabilisticasopposedto deterministic).Theparametersarespecifiedusinga

maximumlikelihood learning,specifically the Expectation-Maximizationalgorithm

where the mixture coefficients are treatedas unknown latent variables. Hong and

Harris(2001)within theISISresearchgrouphaveextendedthisapproachto automatic

parismoniousconstructionof hierarchiesfor preselectedknowledgesources.

3.7.2 Hierar chical visualisation

Althoughnot strictly a classificationsystem,BishopandTipping’s hierarchicallatent

variablemodel(BishopandTipping,1998)hasmuchin commonwith theprobabilistic

hierarchicalclassifierasdescribedin thisthesis.Usingprincipledprobabilisticanalysis

aprojectionsimilar to principlecomponentanalysisis usedto visualiseadatasetsuch

that theaxesof largestvariancearemappedonto thex-y plane. This revealsthe top-

level structureof thedataset,whichmaythenbesplit furtherinto clusters(interactively

by theuser).Eachclustercanthenbemodelledby a similar projection.Thedivision

of pointsto the chosensub-modelsis performedby an algorithmformulatedinto an

Expectation-Maximisationframework whereeachpoint is assigneda soft partitioning

betweeneachcluster. Clusterscanberefinedinto furtherclustersresultingin anoverall

hierarchyof clustersthatrepresentsthedataset.
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At eachnodethe projecteddatacanbe visualised,andif that nodehaschildren

thenthe2-dimensionalplaneswhich representthechild clusterscanbevisualisedas

rectanglesin theoriginal parentspace.

3.7.3 Unsupervisedhierarchical clustering

Unsupervisedhierarchicalclassificationis found both in the statisticalandmachine

learningliterature,agoodreview paperfrom thestatisticalsidebeing(Gordon,1987),

and(Ripley, 1996)coverstechniquesfrom themachinelearningside.Althoughmeth-

odsconsideredin this thesisusesupervisedlearning,thereis awealthof techniquesin

this field thatmayaid this process.

Although this thesisis not attemptingto imitatehumanthoughprocessesin any

way, it is interestingto notethat thereis evidencethatcongnitive modelsin thebrain

may be hierarchicalin nature. Ambros-Ingerson,Grangerand Lynch (1990) show

thatwhensimulatingprimarybrainfunctionsthroughcomputationalneurobiologythat

thereis evidencethat the hierarchicalclusteringis beingperformed.Also motivated

from ahumanlearningperspective,Ealey (Ealey, 1997)proposesahierarchicaltreeof

self-organizingmaps(SOMs)for languagelearning.Wordsarecategorizedaccording

to featureson a coarse-level mapwhich is thensegmentedandeachdiscretecategory

is then processedby a finer-level SOM using further features. Using a hand-coded

datasetthat mimics a growing child’s increasingability to perceive the world, Ealey

showsthatthefeaturemapsencodeanintuitiverepresentationfor eachword.

3.8 Class-dependentfeatures

Theanalysisof class-dependentfeaturesis a new andlittle studiedfield. Most classi-

ficationalgorithmsstrive to find a featuresetthatprovidesgooddiscriminationfor all

k classesin ak-classproblem.

In a 1999 paper, Oh, Lee and Suen(1999) claim that their methodof class-

dependentfeaturesis entirelynovel. To theauthor’s knowledgethis paperis thefirst

to usethetermclass-dependentfeaturesalthoughotherpapersdescribethetechnique

of selectingspecificfeaturesetsto discriminatebetweensubsetsof classes(Jia and

Richards,1998).In factany algorithmthatbreaksak-classprobleminto acombination

of subproblemson a subsetof thek classes,which thenusesseparatefeatureextrac-

tors for eachsubproblem,is exploiting the fact that featurescanbe class-dependent.

However the explicit definition andanalysisof class-dependentfeaturesis yet to be



CHAPTER3. REVIEW OFEXISTING RESEARCH 53

widely acknowledgedin patternrecognition. In this thesiswe explore this definition

andcontributeto theinvestigationof class-dependentfeatures.

A review of hierarchicaltechniqueshasalreadybeengivenin Section3.4,how-

ever in this sectionthosepapersthatstrictly acknowledgetheuseof featureselection

for differentsubsetsof classesarereviewed.

In the nineteenseventiesandeightiestherewasmuchresearchon decisiontree

algorithms.It waswidely recognisedthatby makingdecisionsonsubsetsof theentire

featureset(Friedman,1977;Rounds,1980)thatthefeaturespacecouldbepartitioned

by a treestructureto separatedatapatternsassociatedwith differentclasslabels.This

is motivatedfrom aprobabilisticviewpoint in Section4.1.This is in effectrecognising

that specificfeaturesubsetsarebetterat separatingsomeclassesthanothers. How-

ever, themotivationwaspredominantlyfrom thefeaturespaceperspective,whichwas

beingsplit to find regionsof homogeneousclasspatterns.A moreexplicit paradigm

thatexploits class-dependentfeaturesconsiderstheselectionof classsubsetsandthe

featuresubsetsthatcanbeusedto discriminatethosespecificclasses.A probabilistic

motivationis givenin Section4.2.

Evidenceof hierarchicalsystemsthat considerdifferentfeaturesetsfor specific

subsetsof classescanbefoundin papersspanningthelasttwo decades.Thesetendto

fall into thecategory of multi-stage, multi-featureclassificationalgorithms.Theseare

describedbelow.

In their designof a systemfor recognisingprintedHebrew characters,Kushnir,

AbeandMatsumoto(1983)madetheobservationthatcertaingroupsof Hebrew char-

acterswereverysimilar in theircharacteristics.To avoid confusionin theclassification

system,thesecharactersubsetswerediscriminatedusingacoarseclassificationmethod

basedonend-pointanalysis.Thenfor oneof thesubsetsageometricalfeatureextractor

wasusedto discriminatebetweenmembersof thesubset,andfor theothers,specific

featuresin aHoughtransformspacewereselecteddependingon thesubsetto beclas-

sified. This is in principleusingclass-dependentfeaturesto improve performanceon

a many-classproblem.Theauthorsdescribethetechniqueasproblemdimensionality

reduction,asthediscriminationtaskswithin eachclasssubsetrequiredfewer features

thanattemptingthewholeproblematonce.

ZhouandPavlidis (1994)presenta multi-stageprocessfor characterrecognition

wheretheproblemis brokeninto a two-stagerecognitionprocess.Polygonalfeatures

areusedin thecoarseclassificationphaseandthencontourfeaturesareusedto further

discriminatethecoarselevel classifications.Again this is recognisingtheneedfor dif-

ferentfeatureextractorsto beusedfor differentstagesin therecognitionprocess.This



CHAPTER3. REVIEW OFEXISTING RESEARCH 54

is usingthesamemotivationasfor theuseof class-dependentfeaturesin ahierarchical

framework.

The above multi-level classifiersdo indeedrealisethe benefitsof considering

certainfeaturesto bemoreexpressivefor certainsubsetsof classes,howeverthemulti-

level architecturesthatareproposedareall manuallydesignedandconsistof no more

that 2 levels of classification. The algorithmsproposedare particularly application

dependent.

Using a moregeneralapproachJia andRichards(1998)show that whenusing

theprogressivetwo-classdecisionclassifier, which is a form of pairwiseclassifier, that

the numberof featuresselectedfor eachnodeon a 4-classproblemis considerably

smallerwhen featuresare selectedindependentlyfor each2-classdecisionand the

classificationaccuracy is greater, whencomparedto discriminatingall four classesat

once.Themotivationbehindthis is thatthesimplerdecisionboundariesbetweenpair

of classesarenot dependenton thecomplexity of themostcomplex classpair, which

is the casefor single-layermulticategory classifiers. Theseideasare built upon in

Chapters4 and6 andnovel analysisis presentedfor relatedalgorithms.

3.9 Summary

In this chaptera review of multicategory classifiershasbeenpresented,showing the

traditionalone-of-n approach,with criticism. Alternative approacheswerereviewed

including pairwiseclassifiersand tree-basedor hierarchicalapproaches.Thereare

many differentapproachesto designingahierarchicalclassifierandthemostimportant

of thesedesigndecisionshave beendiscussed,suchasthe form of the decisionrule,

theform of thetree- notablywhetherclassesareallowedto appearmorethanoncein

thetree(allowing classoverlap),andtheprocedureusedto designthetree.Theprior

researchpresentedin thischaptershowsthatmany of theissuesof multicategoryclas-

sificationhave beeninvestigatedandmany differentalgorithmshave beenproposed

over the last few decadesbut what is lacking is a commonframework in which to

placethesediversealgorithms.

This thesisaddressesthis problemvia a probabilisticformulation that provides

a strongframework on which multicategory classifierdesigncanbe based. This is

presentedin the next chapterandprovidesa consistentparadigmfrom which many

multicategory classificationalgorithmscan be designed. The conceptualdifference

betweenallowing classoverlapin a hierarchicalclassifieris broughtout clearly, and

mostnotablyequivalencesbetweentheone-of-n, pairwiseandhierarchicalclassifiers
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is shown undercertainassumptions.This thenallows thesealgorithmsto be investi-

gatedin termsof their complexity asthenumberof classesincreases.

In addition,a review of class-dependentfeatureswaspresentedin this chapter,

andalthoughmany of thepapersoutlineddo not actuallystatetheuseor analysisof

class-dependentfeatures,they have beenshown to usethesamemotivationthat leads

to thedefinitionanduseof this term. This is furtherexploredin Chapter6 usingthe

novel interpretationof conditionalindependenceandexperimentalresultsin Chapter

7 show that theuseof class-dependentfeaturesis advantageousfor severalclassifiers

thatbreakthek-classprobleminto asetof binaryproblems.



Chapter 4

Multicategory classification

In thischapteranew taxonomyof multicategoryclassificationis offered,basedon the

formulationof theposteriorprobabilitiesandthemethodof decomposinga complex

probleminto manageablesubproblems.

Therearemany waysto approacha multicategory classificationproblem. Two

principleapproachesexist dependingon whethertheinput spaceis to bedecomposed

into managablesubregions,or whetherthesetof classesis decomposedinto managable

classsubsets.This distinction is seldommadeandthis thesisis concernedwith the

explicit studyof multicategoryclassification,andmorespecificallythedecomposition

of thesetof classes,Ωall.

In Chapter2, the conditioningon the setof classesfor a classificationproblem

wasmadeexplicit so that the multicategory classificationtaskcanbe consideredas

a decompositionof the setof classes.For completeness,oneshouldalsocondition

the posteriorson the region of the input spaceover which the classificationtask is

valid. For a real-valuedfeaturespaceof dimensiond, this is usually G d andsince

it is constant,it is often omitted from the formulationof the posteriorprobabilities.

However, whentheconditioningis madeexplicit by writing P � ωi � x � R� Ωall � , whereR

is thesetof regionsover theinput space,onecanreasonmoreclearlyaboutclassifier

design.

Againtheproblemis toestimatetheposteriordistribution,thento applyadecision

rule. Themaximuma posteriori(MAP) decisionrule is theonly oneconsideredhere,

which statesthatonceP � ωi � x � R� Ωall � hasbeenfound for all i, simply choosethe ωi

with the highestposterior. This hasthe advantagethat certainposteriorswith low

probability neednot be computed,however if a differentdecisionrule, or anything

otherthanthe0/1 lossmatrix is usedthenall theposteriorsneedto beevaluated.This

issueis touchedonagainin Section4.10.2.

56
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In the next sectionit is shown that a decompositionof the input spaceleadsto

popularclassifiersfor multicategoryclassification,andin thesubsequentsectionsit is

shown that thesetof classescanbedecomposed,which leadsto otherpopularmulti-

categoryclassifierparadigms.Theseparadigmsarethencomparedandit is shown that

themostpopularmethodtodayis not thebestchoicein many aspects.

4.1 Decomposingthe input space

Onemethodof determiningtheposteriorprobabilitiesfrom the training sampleis to

usea local estimateof theposteriorsby dividing theinput spaceinto regions,anduse

the observation vectorx to determinewhich local region is of interest. Thenusea

simple frequency estimateof the posteriorusing the labelledtraining points in that

region. In this section,whendecomposingthe input spacethe setof classesΩall is

constantandonly appearson theright-handsideof theconditioningbarso it maybe

droppedfor brevity.

TheinputspaceG p is partitionedinto asetof regionsR �H� rq;q � 1 �	�
�	�
� m� such

thateachrq is distinct:

mI
q� 1

rq � /0 � (4.1)

andall rq form acompactpartitionof R:

mJ
q� 1

rq � R� (4.2)

Wecannow write

P � ωi � x � R�K� m

∑
q� 1

P � ωi � rq � x � (4.3)� m

∑
q� 1

P � ωi � rq � x � P � rq � x ��� (4.4)

However, P � ωi � rq � x � is notany easierto estimatethantheoriginalP � ωi � rq � x � because

it still dependsontheexactvalueof x, but it canbesensiblyapproximatedby P � ωi � rq �
giving
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P � ωi � x � R�K� m

∑
q� 1

P � ωi � rq � P � rq � x ��� (4.5)

This is a sensibleapproximationsinceas the numberof regions increasesand their

volumedecreases,that the approximationapproachesthe exact valuefor an infinite

training set. However, for a finite training set, therewill be a point at which the

generalisationerroris maximised,andincreasingthenumberof regionswill thereafter

causeoverfitting. This is themotivationfor pruningin decisiontreeclassifiers.

Sinceall rq aredefinedto bedisjoint thenP � rq � x � will beunity only for theregion

in which x lies. This is written

P � rq � x ��� �
1 if x � rq

0 otherwise.
(4.6)

In this casewe needonly evaluateoneterm of the summationin Equation4.5.

This effectively statesthat via a decompositionof R into the disjoint set of regions� rq � q � 1 �	�	�
��� m� we canapproximatetheglobalposteriorP � ωi � x � R� by a local pos-

terior P � ωi � rq � given that the querypoint x lies within region rq. This is how many

popularmulticategoryclassificationalgorithmswork andthey aredifferentiatedby the

methodusedto decomposeR.

A k-nearestneighbour(kNN) classifiercanbe saidto estimatea local posterior

for eachclasswithin a region specifiedabout the query point. The region and its

complementform a disjoint partitionof the input space,but the region’s complement

neednever be consideredby virtue of Equation4.6. The region r is specifiedby

finding the hyperspherein R centeredon x with a radiussuchthat exactly k points

from the training samplelie within the hypersphere.The valueof k is chosenusing

anappropriateestimateof thegeneralisationpeformancesuchascross-validation.The

local posteriorsare estimatedwithin this region by P � ωi � r �L� ni � k whereni is the

numberof pointsfor classωi within theregion. Theclasswith thehighestposterioris

chosen.

A decisiontreeclassifieralsooperateson a decompositionof theinput spacebut

in this caseeachregion rq in the initial partition is decomposedfurther. In Equation

4.4,thevalueP � ωi � x � rq � wasapproximated,howeveranalternativemethodis to form

a further partition of rq. Eachregion rq is thenpartitionedinto a setof regionsrq �� rqp; p � 1 �	�	�	��� mq � suchthat eachrq is againdistinct, M mq
q� 1rq � /0 andall rq form a

compactpartition, N mq
p� 1rqp � rq. Againwecanwrite
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P � ωi � x � rq �K� mq

∑
p� 1

P � ωi � rqp � x � P � rqp � x ��� (4.7)

For a continuousspaceR, eachregion may be partitionedfurther until a final

approximationis madeasin Equation4.5. Therelationshipsbetweentheregionsand

their partitionscanberepresentedasa treediagramasin Figure3.10. A classifierof

this type is known asa decisiontreeclassifier(DTC) usingsoft decisionnodesand

a greatdealof researchhasgoneinto DTCs. A goodreview paperis (Safavian and

Landgrebe,1991).

It is widely acknowledgedthatoneadvantageof this hierarchicaldecomposition

is thatthepartitioningof a regionneednotbedependentoneveryelementof theinput

vectorx. In otherwords,theboundariesbetweenpartitionsmaybeparallelto oneor

moreof theaxesof theinputspace.It is oftenthecasethatasevererestrictionis made

whichrequiresthattheboundariesareorthogonalto oneaxisandparallelto all others.

Thenatureof thepartitionsis shown in Figure3.8 for a two dimensionalspace.This

typeof decisiontreehastheadvantagethatthemodelcanbewrittenasasetof rulesof

onevariable.This is saidto be interpretableby theuserbecausethey canunderstand

thereasonsbehindthefinal classificationoutputby readingtherulesthatcontributed

to thatdecision.However therestrictionof axis-orthogonalsplitscanfirstly leadto an

unmanagablenumberof rulesfor a complex problem,andsecondlycan imposetoo

highamodelbiasandrenderthemodelsoutputsinaccurate.

Theimportantissuehereis thattheinput spaceis beingpartitioned,andthepos-

terior probabilitiesfor eachclassis estimatedfor adefinedregionof thisspace.These

posteriorscanbecalculatedby asimplefrequentistapproach,giventhetrainingpoints

that fall in that region. It is often the casein sucha restrictedregion the posteriors

for many classesarezeroanda decisionis madebetweenonly a few classes.In fact

the algorithmspresentedin (Quinlan,1993)strive to find a tree-basedpartition such

thatall thetrainingpointswithin thatregion belongto thesameclass.This is a result

of partitioningandnot throughdirect manipulationof the setof classes.In the next

sectionthealternativeapproachis shown wherebythesetof classesis decomposedto

solve themulticategoryclassificationproblem.

4.2 Decomposingthe setof classes

Returningto theoriginal problemof estimatingP � ωi � x � R� Ωall � ; we canfollow oneof

severalapproachesthat,insteadof decomposingtheinput spaceinto regions,usesthe
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principleof decomposingthesetof classes,Ωall , into subsetsandthenestimatingthe

posteriorsvia thesedecompositions.By far the moststraightforward approachis to

estimatetheposteriorsfor eachclassdirectly, andthis canbeinterpretedasa setof k

models,onefor eachclass,whereoneclass,ωi , is discriminatedagainsttheremaining

classes,Ωothers
i �O� ω j ; � j �� i � . Theith modelis parameterisedto discriminatebetween

ωi andΩothers
i , andoutputsthe posteriorprobability for ωi . Again the classwith the

highestposteriorprobabilitycanbechosen.

This methodwas adoptedin the early daysof artificial neuralnetworks as the

generalisationof a2-classproblemto ak-classproblemwhenusingperceptrons,which

have sincebeenshown to be equivalent to linear discriminants. This approachwas

upheldas multi-layer perceptronswere developed,and still holds for the standard

formulationof a multi-layerperceptrontoday. In this context, themethodof discrim-

inatingoneclassfrom n classesis calledtheone-of-ndecomposition.However other

methodshave existed for sometime, suchasthe hierarchicaldecomposition(not to

be confusedwith decisiontreeclassifiersasmentionedin the previous section),and

pairwisediscrimination. However, the relationshipsbetweenthesetechniqueshave

beenlargely ignored.A consistentframework usingstatisticalpatternclassificationis

presentedherethatdraws thesetechniquestogether.

Thesefall into threecategories:� One-of-n - separateinto k problemsof oneclassagainsttherest.� Hierarchical- separateinto k � 1 recursivebinarypartitions.� Pairwise- separateinto k � k � 1�	� 2 problemsbetweenall pairsof classes.

Oneof themostimportantissueshereis that in eachcasea k-classproblemcan

bereducedto asetof 2-classproblems.Many classificationalgorithmsarespecifically

designedto solve 2-classproblems,and thesemay be usedeffectively. Principled

approachesto thedecompositionof themany classprobleminto binarydecisionsand

therecombinationof modelsaregivenfor eachcasein thesectionsfollowing.

Consideringthe decompositionof the input space,presentedin Section4.1 and

thedecompositionof thesetof classespresentedin this section,a novel taxonomyof

multicategoryclassifierspresented.This is shown in Figure4.1.

4.3 One-of-n partitioning

If onewerethento usea setof binaryclassifiersto distinguisheachclassin a k-class

problem,thenthemostcommonchoicewouldbeto trainasetof k classifierssuchthat
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Figure 4.1: Classifiertaxonomy
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eachonediscriminatesoneclassfrom theremainingsetof classes.

In this casethe subsetsΩl
i andΩr

i , i � 1 �	�	�
�
� k, for the k modelsaredefinedas

follows:

Ωl
i � � ωi �7� (4.8)

Ωr
i � � ω j ; � j �� i �7� (4.9)

This canbe thoughtof asdistributing the probability valueof P � Ωall � , which is

alwaysunity, betweenthe individual classelements,P � ωi � x � , accordingto theobser-

vation,x.

C C C C C
1 2 3 4 k

Ωall

Figure 4.2: Usingasinglenodeto discriminatek classes

It mustbestressedthat therearetwo approachesto theone-of-n decomposition,

firstly whethera separatemodel is usedfor eachof the k problems,or secondly,

whethera singlemodelis usedto maptheinput spaceto anew ‘hidden’ featurespace

andthenk modeloutputsareusedto solve theone-of-n problem.This is thesameas

trainingk MLPs with oneoutput,or trainingoneMLP with k outputsrepsectively. It

mightbequicker to trainasingleMLP, but it will bearguedin Chapter6 thatdifferent

featuresshouldbeusedfor eachdifferentmodel,andby thesameargument,different

hiddenfeaturespacesshouldbe usedfor eachmodel. This advocatesthe useof k

differentmodelswith oneoutputeach.

4.4 Hierar chical partitioning

Hierarchicalpartitioning is achieved by splitting Ωall into subsetsand thensplitting

thesesubsetsuntil no furthersplitting is possible.This is describedin this section.

This set of classesis partitioned(for the momentarbitrarily) into s subsets,

Ωsub
q � q � 1 �	�	�
��� s. Thepartitionis disjoint,
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sI
q� 1

Ωsub
q � /0 � (4.10)

andcomplete,

sJ
q� 1

Ωsub
q � Ωall � (4.11)

Onceagainwecanwrite

P � ωi � x � Ωall �*� s

∑
q� 1

P � ωi � Ωsub
q � x � (4.12)� s

∑
q� 1

P � ωi � Ωsub
q � x � P � Ωsub

q � x � (4.13)

andsincetheclasssubsetsarenon-overlapping

P � ωi � Ωsub
q � x ��� �

1 if ωi � Ωsub
q

0 otherwise.
(4.14)

Thisallowsusto reducethesummationto asingleterm:

P � ωi � x � Ωall �6� P � ωi � Ωsub
q � x � P � Ωsub

q � x ��� whereωi � Ωsub
q � (4.15)

If we setm � 2 thenP � Ωsub
q � x � canbe representedby a binary classifier. Then,

if Ωsub
q hasonly two classmembersthenP � ωi � Ωsub

q � x � canbe modelledby a binary

classifier, otherwiseit canbefurtherpartitioneduntil all problemscanberepresented

by binaryclassifiers.This followsmuchthesameargumentasthetree-basedclassifier

describedin Section4.1,exceptno approximationshave beenmade,andthedepthof

thetreeis finite anddependson thenumberof classes.In factit canbeshown thatthe

numberof binarymodelsneededis alwaysk � 1.

In ourformulation,nosuggestionhasbeenmadehow to modeltheposteriorprob-

abilities,andthepartitioningof classesinto subsetswaschosenarbitrarily. In fact if

theprobabilitiescanbemodelledperfectlythenthenthechoiceof thepartitioninginto

aclasshierarchyis arbitrary, sincenoapproximationsweremadein theaboveanalysis.

In thiscasetheresultingposteriorprobabilitiesareequivalentto thosegeneratedusing
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k Nk

2 1

3 3

4 15

5 105

6 945

7 10,395

8 135,135

9 2,027,025

10 34,459,425

11 654,729,075

12 13,749,310,575

Table4.1: Numberof possibletreesfor problemsof k classes

theone-of-n partitioning.However, in themorerealisticcaseof imperfectmodelsand

finite datathenthechoiceof theclasshierarchywill havesomeeffectontheevaluation

of thefinal posteriorprobabilities.Thenext sectionwhichconsidersthecomplexity of

choosinganappropriateclasshierarchy. Chapter5dealswith thisstructureidenfication

problemin detail.

Although in the caseof infinite datathe classhierarchyis arbitrary, whenpre-

sentedwith a real problemthe choiceof classhierarchyplays an importantrole in

the accuracy of the hierarchicaldecomposition.The numberof permutationsof the

hierarchycanbecomputedby asimpleproductof theoddintegers.

Thesimplesttreehastwo nodes.Therearethenthreewaysof addinganew node

to this tree,eitheraddingit on theleft branch,to theright branch,or by creatinganew

root nodewith thenew classon onesideandtheexisting treeon theother. It canbe

shown that for a generaltreeof k classes,that thereare2k � 1 waysof addinga new

node.Thenumberof possibletreesfor aproblemof k classesis then:

Nk � k & 1

∏
n� 1

2n � 1 �
Thenumberof permutationsfor k � 2 �	�	�	� � 12areshown in table4.1.

Obviously for problemsof many classesthis numbergrows very quickly. Asides

from an exhaustive searchthereareno generalmethodsof finding the optimal tree.
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Methodsof finding near-optimal treesin thespaceof all treesarediscussedin Chap-

ter5.

4.5 Pairwise discrimination

The pairwise discriminantclassifierworks on the simple principle that eachclass

shouldbe comparedto eachother classseparatelyand the classthat hasthe most

favourablecomparisonsis chosenastheoutputclass.Many versionsof this algorithm

(Friedman,1996; Jia and Richards,1998; Kressel,1999) usehard classifiersthat

have only binaryoutputsandthechoiceof combinationschemevaries. Herewe use

probabilisticoutputs.

In thiscasethesubsetsΩi j for thek � k � 1�	� 2 classsubsetsaredefinedasfollows:

Ωi j � � ωi � ω j � (4.16)

where i and j are chosensuch that all classpairs (except where i � j) are con-

sidered. Only half of the k � k � 1� modelsneedto be trainedsinceP � ωi � Ωi j � x �L�
1 � P � ωi � Ω j i � x � .

ω1 ω2 ω3 ω4

ω1 n/a Ω12 Ω13 Ω14

ω2 Ω21 n/a Ω23 Ω24

ω3 Ω31 Ω32 n/a Ω34

ω4 Ω41 Ω42 Ω43 n/a

Table4.2: Pairwisesetsof classesfor a four classproblem

Thepairwiseclassifierdoesnot lenditself to thesameanalysisasthehierarchical

decompositionbecausetheclasssubsetsno longerform a disjoint partitiondueto the

factthatthereis overlapbetweenthesubsets.

Neverthelesswecanwrite

P � ωi � x � Ωall �6� P � ωi � x � Ωi j � P � Ωi j � x � Ωall ��� (4.17)

This canbe averagedover all the classpairing betweenclassωi and the other

classesas,
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P � ωi � x � Ωall �6� 1
k � 1 ∑

j P� i

P � ωi � x � Ωi j � P � Ωi j � x � Ωall � (4.18)

Remarkablyin practicea very accurateclassifiercanbe implementedby simply

usingtheaverageof theposteriorsgivenby eachmodelfor all pairingsof aclass,given

by

P � ωi � x � Ωall �*� 1
k � 1 ∑

j P� i

P � ωi � x � Ωi j � (4.19)

It is shown herethatsucha classifierresultsin theoptimumdecisionboundaries

for neighbouringclasses.This explainstheexceptionalresultsshown by thepairwise

classifierin practice,thoughat thecostof traininga numberof modelsin theorderof

k2.

If we ignorethe fact that a classifiershouldoutputa posteriorprobability value

andwrite theoutputof thepairwiseclassifiersimply asa functionof x for eachclass

ωi as

fi � x �*� 1
k � 1 ∑

j P� i

P � ωi � x � Ωi j ��� (4.20)

thenthedecisionboundarybetweenclassesω1 andω2 is thelocusof pointswhere

f1 � x �K� f2 � x ��� (4.21)

SinceP � ωi � Ωi j � x ��� P � ωi � x � andP � Ωi j � x ��� P � ωi � x �Q4 P � ω j � x � , it is truethat

P � ωi � x � Ωi j �K� P � ωi � Ωi j � x �
P � Ωi j � x �� P � ωi � x �

P � ωi � x �54 P � ω j � x � (4.22)

Thisallowsusto write 4.21as

P � ω1 � x � ∑
p P� 1

1
P � ω1 � x �54 P � ωp � x � � P � ω2 � x � ∑

q P� 2

1
P � ω2 � x �54 P � ωq � x � � (4.23)

This is truewhenP � ω1 � x �R� P � ω2 � x � , whichof coursedescribesthetruedecision

boundarybetweenthetwo classeswhenusingtheMAP decisionrule. Thisshowsthat

the modelgiven in Equation4.20 is equivalent to the optimal model,given that the

individualclassposteriorsP � ωi � x � aremodelledcorrectly.
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4.6 Comparisonof techniques

It hasbeenshown that many classproblemscanbe decomposedvia differentmeans

into binary classproblemswhere individual modelscan be learnt and their output

combinedin a principled manner. However it is important to considerthe nature

of thosebinary classproblemsto be ableto selectsuitableclassifiermodelsat each

node. It is of coursequiteacceptableto selectdifferenttypesof modelfor any of the

binaryclassifications,but for themomenttheassumptionis madethat themodelsare

homogeneousacrossall partitions.

It is shown below that thehierarchicalandpairwisedecompositionscanlinearly

separateany problemthat a one-of-n modelcan linearly separate.Then in the next

section,usinga moreintuitive analysis,theseparationpropertiesof eachdecomposi-

tion is considered.This alsoillustratesthe effective decisionboundariesconstructed

by eachglobalmodel.

It is useful to definelinear separabilityformally to investigatehow eachof the

threeclassdecompositionscanseparatea setof k classes.

Two setsof classesΩl andΩr arelinearly separableif a vectorw canbe found

suchthat:

wTxi 
 0 �Q� xi � Ωl (4.24)

wTxi S 0 �Q� xi � Ωr � (4.25)

For a singlenodeclassifierusinglineardiscriminantsto achieveperfectclassification,

eachclassmustbe linearly separablefrom the rest. We candefinea functionS such

that:

S� Ωl � Ωr ��� �
1 if Ωl andΩr arelinearlyseparable

0 otherwise�
Thena one-of-n classifiercanonly achieveperfectclassificationusinglineardis-

criminantsif a classωi andthesetof remainingclassesΩothers
i �T� ω j �U� ω j �� ωi � , are

linearlyseparablefor all classes:

S� ωi � Ωothers
i ��� 1 ��� ωi � Ωall � (4.26)

It is straightforwardto show thatif Equation4.26holdsfor asingle-nodeclassifier

thenthe hierarchicalclassifiercanalsoseparatethe data. Simply split Ωall into two

subsets,Ωl andΩr suchthat:
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Ωl � ωi and (4.27)

Ωr � � ω j �U� ω j �� ωi �7� (4.28)

The subsetΩr canthenbe split further by virtue of Equation4.26, leadingto a full

hierarchicaldecomposition.

However theconverseis not true,asetof classeswhich canbelinearly separated

by a hierarchycannotalwaysbeseparatedby a single-nodeclassifier. This is evident

from Figure4.3. Theclassesω1 to ω4 canbelinearly separatedfor eachclassandthe

remainingclasses.However, if the classω5 is introducedthenthis is no longer the

case.A hierarchicalclassifiercanstill separatetheseclasseslinearly asshown.

1C

3C 4C

2C

5C

3C

1C 2C

4C

Node 3

Node 2

Node 1

Figure 4.3: Exampleof linearseparabilitywheretheone-of-n modelfails. Left: Four linearly
separableclasses,with asingleone-of-n decisionboundary, Right: Fiveclassesseparatedby a
hierarchicaldecomposition,thedecisionboundaryfor eachnodeis labelled.

Thisalsofollowsfor thepairwisedecompositionwhichby asimilarargumentcan

alsolinearlysolveany problemthattheone-of-n decompositioncansolveusinglinear

decisions.Again, if Equation4.26holds,thenωi mustbelinearlyseparablefrom each

individualω j � j �� i.

It mustthenbethecasethatsimplyby usingahierarchicaldecomposition,wecan

linearly separatea greaternumberof datasetsthanseparatingthemusinga one-of-n

decomposition.This is investigatedfurther in thenext section. In fact for classesof

onepoint it canbeshown thatany setof classescanbeseparatedby thehierarchical

decompositionof points.

4.7 Linear separability for many classes

It is importantto analysehow linearseparabilityis affectedasthenumberof classes

increasesfor both the one-of-n outputencodingandthe hierarchicaldecomposition.
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Analysisof thepairwiseclassifieris consideredin Section4.7.1sinceit is difficult here

to illustratethe individual decisionboundariesfor eachof the k � k � 1�	� 2 classifiers.

Firstly thesimpleproblemwhereeachclassis representedby a singlepoint is exam-

inedsincethisavoidsproblemsof classoverlapanduncertainty. In factany two classes

of onepoint arelinearseparable,unlessthey lie on thesamepoint, in which casethey

mayaswellbethesameclass.It will beshown that in thelinearcasethehierarchical

decompositionis by far themoreflexible modelin that it canrepresentall problems,

whereastheone-of-n encodingcanonly representasmallsubsetof problems.

In thenext sectionthis will bedevelopedfurther for thefamily of effective non-

linearmodelsknown asgeneralisedlineardiscriminants.

Whenconsideringclassesof only onepoint,theproblemof linearseparabilitycan

beinvestigatedsolelyin termsof thenumberof classeswithoutbeingdistractedby the

linearseparabilityissuesthatarisefrom theoverlapof classeswith many points.The

following argumentis illustratedin Figure4.4.

For eachrow in Figure4.4 thereare threediagramsthat illustrate, from left to

right, possibleproblemswhichcanbeseparatedusinga one-of-n decomposition,then

problemsthat cannotbe separatedin sucha way, and finally the sameproblemas

solvedby a hierarchicaldecomposition.Decisionboundariesaredrawn assolid lines,

andfor illustrative purposesthe hierarchicaldecisionboundariesfor nodescloserto

therootof thetreearedrawn aslongerlines.

Eachrow representsa problemwith more classes. As the numberof classes

increasesit canbeseenthattheone-of-n decompositioncanonly solveproblemswhere

eachof theclassesformspartof theconvex hull of all classes.If anew classfalls inside

theconvex hull (row 3), or is addedsuchthatanotherclassfalls insidetheconvex hull

(row 4) thentheproblemcannotbesolvedby a linearone-of-n outputencoding.This

is a severerestrictionandit is unlikely thatin spacesof low dimensionthatall classes

will form partof theconvex hull. Thusit is only likely thata lineardiscriminantwill

only beeffective for many classesin a high-dimensionalspacesincetheconvex hull

propertyis morelikely if thedimensionalityof theinput spaceis increased.

However all problemsof this type canbe solved usinga hierarchicaldecompo-

sition suchthat the setof classesis recursively partitionedinto two subsetswithout

necessarilyincreasingthedimensionality.

The limitations of the one-of-n decompositionare a result of the restrictionof

linearseparabilityin low dimensions.It is shown below thatthis canbeovercomeby

simply transformingthespacenon-linearlyinto a featurespaceof higherdimension.

Toovercomethelinearone-of-n problemin theprevioussectionit is sufficientto define
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Figure 4.4: Separatingclassesof onepoint usingone-of-n andhierarchicallinearmodels

asetof basisfunctionsof theform:

zi � e��� x � ci � 2 for i � 1 �	�
�	�
� k � (4.29)

wherek is thenumberof classes,x andci arerespectively theinputpointandthesingle

classpointsin theoriginal input space.

This transformstheprobleminto a spacewith k dimensionsthatguaranteesthat

eachpoint in z-spaceformspartof theconvex hull sotheone-of-n outputencodingcan

beusedto separatetheclasses.(This canbeseenby thefactthateachzi will beequal

to its maximumvalueof 1 only for its respectiveclassωi . Thuseachclassmustlie on

theconvex hull in k-dimensionalspace).
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Thedisadvantageof this approachis that learningnow hasto bedonein a much

higherdimensionalspace,whichwill increaseasthenumberof classesincreases.This

is not the casefor the hierarchicalmodelwhich hasthe advantagethat the problems

learntat eachnodeareonly ascomplex asnecessary, in this caselinearmodelscanbe

usedin theoriginal input space,providing simplerandmoretransparentmodels.

4.7.1 Classesof more than onepoint

Oncethenumberof pointsin eachclassincreasestheproblembecomesmorecomplex

asthereis thepossibility thatthepointslie in sucha way thatany two classesarenot

linearly separable.It mayevenbe thecasethe the spreadof classpointsoverlapfor

two of moreclassesin suchawaythatnomodelcanseparatethemandthereis genuine

ambiguitybetweentheclasses.In this casea probabilisticapproachis anappropriate

form of uncertaintywhereposteriorprobabilitesfor eachclassareoutputbeforeusing

a decisionrule to decidewhich classto choose.Probabilitydensityfunctionscanbe

usedto describeeachclassandif thesedensityfunctionsareassumedto beGaussian

andof equalcovariancefor all classes,thentheanalysisis equivalentto thesingle-point

classes,wherethesinglepoint is themeanof thedistribution.

To illustratethebehaviour of thealgorithmsusinglinearandnon-linearmodels,

thedecisionboundariesresultingfrom eachclassdecompositionareshown in Figures

4.5and4.6for increasingnumbersof classes.It is plainly shownthatwhenusinglinear

discriminantclassifiersthat the resultantmulti-classdecisionboundariesdegenerate

for the one-of-n decomposition,wherethe hierarchicalandpairwisedecompositions

copeadequately, althoughtheeachdoesimposeit’ s own ‘flavour’ to thenatureof the

decisionboundaries.

It is interestingto studythedecisionboundariesresultingfrom eachdecomposi-

tion usinga Bayes’ classifierunderthe assumptionof Gaussiandistributedclasses.

This is shown using the samedatasetas previously in Figure 4.6. (The datawas

generatedusinga proceduredetailedin Section7.2.1.) In this casethe assumptions

for the classifiersusedin the one-of-n and pairwisedecompositionsare not being

broken, andthis is seenby the similarity betweenthe resultingdecisionboundaries.

The hierarchicaldecisionboundariesare however different, and this can be readily

explained.

The hierarchicalclassifierusingGaussianBayes’classifierswill attemptto es-

timate the meanand covarianceof the left and right classsubsets,Ωl and Ωr via

Equations2.7and2.8. WhenΩl andΩr containonly oneclasseach,thenthis results

in the optimum classifierfor the two classes,sinceeachclasshasbeengenerated
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One-of-n Hierarchical Pairwise

Figure4.5: Decisionboundariesusinglinearnodes
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One-of-n Hierarchical Pairwise

Figure4.6: DecisionboundariesusingGaussiannodes
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from an unknown Gaussiandistribution. However, for classifiersin the hierarchical

decompositioncloserto the root, therewill bemultiple classesin Ωl andΩr . In this

casetheassumptionof Guassiandistributedclasspointsis beingbroken,sincetheclass

pointsaremostaccuratelymodelledby multimodalGaussiandistributions,otherwise

known asa Gaussianmixturemodel.

In this case,the optimumclass-conditionaldensityestimateP � Ωl � x � Ωq � canbe

calculateddirectly. Usuallywhenestimatingtheparametersfor a mixturemodel,the

mixture coefficientsareunknown. But herethe mixture is known sincewe areesti-

matingthedensityof a setof classes,whereeachclasspoint is labelled.Themixture

densitycanbewritten

P � Ωl � x � Ωq �*� ∑
ωi � Ωl

P � ωi � x � Ωq � (4.30)� ∑
ωi � Ωl

P � x � ωi � Ωq � P � ωi � Ωq �
P � x � Ωq � � (4.31)

In this casetheP � ωi � Ωq � arethemixturecoefficientsandthesearereadilycalcu-

lableas

P � ωi � Ωq ��� P � ωi �
∑ω j � Ωq

P � ω j � � (4.32)

If theclassifiersusedto generatethedecisionboundariesfor thehierarchicalde-

compositionweremixturedensityclassifiersusingEquation4.31thenthehierarchical

classifierwould be equivalent to the one-of-n classifierandshow the samedecision

boundaries.

4.7.2 Summary

It mustbe stressedthat only a subsetof problemsreally are linearly separable,and

in practiceit is seldomthe case.More flexible modelsareneeded,andthesewill be

consideredin the next section,however the needfor moreflexible modelsshouldbe

properlyunderstoodbeforeselectinganappropriatemodelfor theproblem.

Therearetwo basicneedsfor moreflexible modelsin classification:� To overcomethenon-linearlyseparablenatureof problemsbetweentwo classes.� To overcomethedeficienciesof theone-of-n decomposition.
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It hasbeenshown thatwhenthereis only onepointperclass(i.e. perfectlylinear

separablemodelsand no ambiguity) that the decompositionof the set of classesis

important. Hierarchicaland pairwisemethodsare by far more suitablefor many-

classproblemsthan the traditional one-of-n decomposition. One might argue that

usinga moreflexible modelsuchasoneof thefamily of non-lineardiscriminantscan

overcomethis problem.Theauthorsuggeststhatoneshouldusemoreflexible models

to overcomethe problemsof non linearseparabilitybetweenpair of classesandthat

the hierarchicalor pairwisedecompositionshouldbe usedto solve the many-class

problem.

4.8 Generalisedlinear discriminants

The transformationof the input spacevia a setof basisfunctionsgiven in Equation

4.29is anexampleof ageneralisedlineardiscriminant,in thiscasespecificallyaradial

basisfunction classifier. Generalisedlinear discriminantsarean importantfamily of

modelsandit is importantto investigatetheeffectsof usingthesemodelsin eachclass

decompositionparadigm.

Generalisedlinear discriminantsareso calledbecausethey all usea linear dis-

criminantasa final outputlayer. This outputlayeractson a spacewhich is generated

by theactionof anon-lineartransformof theinputs.Thedifferenttypesof generalised

lineardiscriminantsresultfrom usingdifferentnon-lineartransforms.In this section,

theissuesresultingfrom multicategoryclassificationusingmulti-layerperceptronsare

shown, a similar argumentfollows for othertype of generalisedlinear discriminants

suchasradialbasisfunctionclassifiers.

A multi-layerperceptron(MLP) usuallyconsistsof a input layer, a hiddenlayer,

andan output layer. The hiddenlayer transformsthe inputs into a ‘hidden’ feature

spacevia ridge functions(of the sameform asa linear discriminant)and then per-

formsthefinal outputusinga lineardiscriminanton thehiddenspace.(Thechoiceof

activationfunctionmaydiffer dependingon thespecifictypeof MLP used).

A simpleanalysisof how a MLP behavesfor multicategory classificationcanbe

doneby analysingsimpletwo-classandthree-classproblems.Thetwo-classproblem

is shown in Figure4.7.Thediagramshowstheoutlinesof two classes(all classpoints

lie within theoutline)andthetwo ridgefunctionsneededto separatethetwo classes.

In this sectionthenotationCi is usedto labelthe ith class,to avoid confusionbetween

ωi previouslyusedfor classesandwi j usedfor weights.

TheMLP is definedby theactionof thehiddennodesandtheoutputnode.The
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hiddennodesaregivenby:

φh
1 � x �6� 1

1 � e�R� wh
1x � bh

1 � � (4.33)

φh
2 � x �6� 1

1 � e�R� wh
2x � bh

2 � � (4.34)

wherewh
i is the weight vectorandbh

i is the bias term for the ith hiddennode. We

shallassumethattheweightsof thehiddennodesareadjustedsuchthatthey describe

the ridge functionsshown in Figure4.7. It is thensufficient to determinevaluesof

thehiddento outputweightsthatcandiscriminatethetwo classesin thenew ‘hidden’

featurespace.

Theactionof theoutputnodeis givenby:

y1 � g � a1 � (4.35)

a1 � wo
11φh

1 � x � � wo
12φh

2 � x � � bo
1 � (4.36)

whereg � a��� 1
1� e� a , wo

i j is the jth elementof the ith outputweight vectorandbo
i is

the ith outputbiasterm. (Here thereis only oneoutputvector). The outputcanbe

interpretedastheposteriorprobabilityof classC1, P � C1 � x ��� y andP � C2 � x �R� 1 � y, if

theMLP is trainedusingthemean-squarederrorfunction(Bishop,1995).

Thethreeclassproblemis shown in Figure4.8.An extra ridgefunctionis needed

to separatethenew classin inputspaceandanextratwo outputsareneededto compute

theone-of-n outputencodingfor morethantwo classes.

Theextrahiddennodewhich definesthenew ridgefunctionis givenas:

φh
3 � x �K� 1

1 � e�R� wh
3x � bh

3 � � (4.37)

andtheoutputsarenow formulatedas:

y1 � g � a1 � (4.38)

y2 � g � a2 � (4.39)

y3 � g � a3 � (4.40)

a1 � wo
11φh

1 � x � � wo
12φh

2 � x � � wo
13φh

3 � x � � bo
1 � (4.41)

a2 � wo
21φh

1 � x � � wo
22φh

2 � x � � wo
23φh

3 � x � � bo
2 � (4.42)

a3 � wo
31φh

1 � x � � wo
32φh

2 � x � � wo
33φh

3 � x � � bo
3 � (4.43)
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Figure 4.9: Separatingthreeclassesusinga hierarchicalclassifierwith a linear discriminant
nodeanda multi-layerperceptronnode.

As statedin Section4.7.2,theneedfor non-linearmodelsresultsfundamentally

from the complexity of the decisionboundariesbetweenneighbouringclassesin in-

put spaceandthe one-of-n decompositionunnecessarycomplicatesthe natureof the

decisionboundariesin eachof thek modelsneededto solve a k-classproblem. This

is shown in the examplesgiven in Figures4.7 and 4.8. It can be seenthat classes

C1 andC2 needtwo hiddennodesto be separated,but to separateC3 from eitherC1

or C2 only onehiddennodeis needed.Thereforethe maximumrequiredcomplex-

ity of the between-classdecisionboundariesis 2 hiddennodes. The one-of-n MLP

shown in Figure4.8 needsa modelof 3 hiddennodesto solve theproblem,whereas

the hierarchicalMLP shown in figure 4.9 usesmodelsno greaterthanthe maximum

requiredcomplexity of 2 hiddennodes. In this casethe hierarchicalmodel reduces
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thecomplexity of eachmodelused.For problemsof k classes,thecomplexity of the

decisionboundaryis expectedto be a function of k for the one-of-n decomposition,

whereit is expectedto beconstantfor thehierarchicalandpairwisedecompositions.

This is illustratedin Figures4.10 to 4.13. Figure4.10which show the decision

boundariesusing MLPs for each2-classproblemin the one-of-n, hierarchical,and

pairwise decompositions.Since the data is generatedfrom Gaussiandistributions

of equalcovarianceit is known that the optimum decisionboundariesbetweenany

two classesis of linear complexity. The numberof hiddennodesfor eachMLP is

set to 1, and this is equivalent to a linear model. The one-of-n model shows poor

decisionboundariessinceit requiresa greatermodel complexity for eachmodel in

thedecomposition.Thehierarchicalandpairwisemodelsshow well-formeddecision

boundaries.For Figures4.11,4.12,and4.13,thenumberof hiddennodesis increased,

and it canbe seenthat the one-of-n decompositiongraduallyimprovesthe decision

boundaries,while the hierarchicaland pairwise remain constant,showing that the

decisionboundariesfor linearmodelsneedno improvement.

4.9 VC-dimensionanalysis

A fundamentalconceptin learningtheory is the VC-dimension. A worst-casemea-

sureof generalisationperformancecanbe formulatedusingthe VC-dimensionfor a

particularfamily of models.Thegeneralisationof a modelcanberepresentedby the

differencebetweentheoutputof themodeltrainedonafinite sampleof N datapoints,

andthe outputof the hypotheticalmodel that representsthe true distributionsof the

data. The theoremdue to Vapnik andChervonenkis(Vapnik, 1998)givesan upper

boundon theprobabilityof this differenceexceedingagivenvalueε.

This,statedfor thesetof classificationfunctionswith VC dimensionh, is:

Pr� max
y

� P � w � � v � w � �)  ε ��¡£¢ 2eN
h ¤ h

exp ��� ε2N � (4.44)

whereP � w � is the probability of classificationerror, or risk functional,andv � w � is

thetrainingerroron a finite dataset,or empiricalrisk functional(Haykin, 1999).The

vectorw is the parametervectorof the model,e is the baseof the naturallogarithm

andN is thenumberof trainingpoints.

It canalsobeshown that,for a lineardiscriminantdecisionrule, i.e.
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One-of-n Hierarchical Pairwise

Figure 4.10: DecisionboundariesusingMLP nodeswith 1 hiddennodeandsigmoidoutput
activations
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One-of-n Hierarchical Pairwise

Figure 4.11: DecisionboundariesusingMLP nodeswith 2 hiddennodesandsigmoidoutput
activations
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One-of-n Hierarchical Pairwise

Figure 4.12: DecisionboundariesusingMLP nodeswith 3 hiddennodesandsigmoidoutput
activations
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One-of-n Hierarchical Pairwise

Figure 4.13: DecisionboundariesusingMLP nodeswith 4 hiddennodesandsigmoidoutput
activations
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φ � wTx � b� (4.45)

where φ � v���¦¥ 1 � v § 0

0 � v ¡ 0 � (4.46)

theVC-dimension,h, is givenby:

h � m � 1 � (4.47)

wherem is thedimensionof theinputspaceof thediscriminant,(i.e. x ¨ª© m).

By the above it can be seenthat, for a fixed ε, to increasethe accuracy of a

linear discriminantnodeone can do one of two things, either increasethe number

of points presentedto the classifier, or to reducethe numberof parametersof that

classifier, reducingthe VC-dimension. Either way, the right-handside of Equation

4.44is reduced,giving a lowerprobabilityof theclassifierbeingsignificantlyin error.

It hasalreadybeenshown that by using a hierarchicaldecomposition,for the

samenumberof points,fewer parametersper modelneedto be learntto achieve the

sameresults.Thusa hierarchicalclassifieris, on average,expectedto achieve better

classificationperformancethanaone-of-n outputclassifier.

4.10 Computational issues

Anotherconsiderableadvantageof thefactthatthehierarchicalclassifierdecomposes

theclassificationprobleminto a setof subproblemsis thateachsubproblemfrom the

root to theleavesbecomessmallerin termsof thenumberof classes,andsubsequently

thenumberof datapointsto beconsidered.Also thesizeof thefeaturespacewill be

significantlysmallerateachnodedueto only asubsetof thefeaturesbeingrelevantto

eachsubproblem.Also the numberof training pointsfor eachmodelis significantly

reducedfor thepairwiseclassifier. Theseissuesareaddressedin this section.

4.10.1 Computational costof training

It is interestingto analysethe computationalcostof training eachdecomposition.It

is reasonableto approximatethecomputationalcostwith thetotal numberof training

pointsusedto train all the modelsin eachdecomposition,asthe computationalcost

for most learningalgorithmsis proportionalto the numberof training points. The
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assumptionis madethatthereareanequalnumberof trainingpointsperclass,denoted

by nt . Consequentlytherearentk pointsin thewholetrainingset.This is a reasonable

assumptionsincethe size of the training set will usually scalewith the numberof

classes.

For aone-of-n decompositiontherearek modelsto belearnt,andeachmodeluses

all thepointsto distinguishoneclassfrom all theothers.This leadsto thetotalnumber

of trainingpointsas:

No
t � ntk

2 � (4.48)

For thehierarchicaldecompositionwe will assumefor simplicity that thehierar-

chy is balanced.In otherwordseachnodein thetreehasanequalnumberof left and

right children. In this casethe numberof levels is log2k. At eachlevel the number

of pointsusedin trainingis halved(assumingthereareanequalnumberof pointsper

class),but therearealwaystwice thenumberof nodesfor eachlevel. In this way all

ntk2 pointsareusedonceat the root, andntk « 2 pointsareusedat the two secondary

nodesetc.Thetotal numberof pointsis then:

Nh
t � ntk log2k � (4.49)

Consequentlythenumberof pointsusedin trainingis significantlysmallerfor the

hierarchicaldecompositionthantheone-of-n decomposition,increasinglysofor large

numbersof classes(increasingk).

The pairwise decompositionhas k � k � 1� « 2 modelswhich eachcompare2nt

points.This leadsto thetotal numberof trainingpointsas:

Np
t � ntk � k � 1� � (4.50)

It is plain that the hierarchicaldecompositionresultsin the leasttraining,being

of theorder ¬­� k log2k � , wherethe othersare ¬®� k2 � , althoughthis doesnot take into

accounttheeffort requiredto optimisetheclasshierarchy.

4.10.2 Computational costof classification

To exactly calculatethek posteriorsfor eachωi � i � 1 �	�
�	��� k, for a singleunclassified

point x all the modelsmustbeevaluated,regardlessof the decompositionused.It is
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evidentthatthehierarchicalandone-of-n decompositionswill befasterby anorderof

k thanthepairwisedecomposition.However, for thehierarchicalandpairwisedecom-

positionstherearemethodsthatallow thecomputationalcomplexity of classification

to be reducedwithout affecting the MAP decision,althoughthe posteriorswill be

approximatedfor classeswith low probability.

Whenclassifyingan unseenpoint therecanbe a significantadvantageto using

a hierarchicaldecompositionof the problem. If oneis usingthe MAP decisionrule

thenit may not be necessaryto calculatethe posteriorprobability for eachclass. It

is sufficient to calculatethe posteriorprobabilitiesfor the left andright subsets,i.e.

P � Ωl � x � andP � Ωr � x � , at eachnodeanddisregardtheleft or right subtreeif theproba-

bility for thatbranchfallsbelow awell-definedthreshold.This techniqueis mentioned

in (Schurmann,1996),but a methodfor choosingthethresholdis not given. A novel

methodfor choosinga thresholdis givenhere.

This thresholdcanbecomputedeasilyby consideringthedecisionto bemadeat

a nodein thehierarchy. Onemustrememberthat theprobability is beingdistributed

betweentheleft andright branchesof thetree.

We wish to know the rangeof the posteriorprobability valuesfor theclassesin

the left andright classsubsets.Sincethe left posteriors(for the left classsubsetΩl )

areconstrainedby:

∑
ω � Ωl

P � ω � x ��� P � Ωl � x � � P � ω � x � § 0; (4.51)

thenwe know thatthemaximumposteriorprobabilityfor classesin theleft subtree,

αl � max
ω � Ωl ¯ P � ω � x � ° � (4.52)

mustlie within therange:

1� Ωl � P � Ωl � x �±S αl S P � Ωl � x � ; (4.53)

where � Ωl � is the number of classesin the left subset. So it is evident that if

P � Ωl � x �²¡ 1�Ωr � P � Ωr � x � thenthereis no needto computethe left branchany further.

This relationshipis of coursesymmetricandappliesin a similar fashionfor the right

branch.



CHAPTER4. MULTICATEGORY CLASSIFICATION 87

Now, the MAP decisionrule assumesa 0/1 loss function, and if the posterior

probabilitiesarerequiredto be transformedby a lossmatrix thenthe above will not

apply, andall theposteriorswill haveto becalculatedfor everybranchin thehierarchy.

Althoughthereis acostin calculatingtheposteriorprobabilitiesfrom thefeatures

at eachnode,theadvantagegainedby suchcomputationalcutoff will bemoresignifi-

cantwhenthecomputationalcostfor extractingparticularfeaturesbecomeshigh. It is

expectedthat fewer featureswill have to becalculatedto make thefinal classification

thanany one-of-n classifier.

Similarly it is thecasethatwhenusinga pairwiseclassifierit is not necessaryto

evaluateall the models. This is mentionedin (Jia andRichards,1998),but a formal

algorithmfor selectingthosemodelsto evaluateis notgiven.

4.11 Training costfor a fixed-sizeproblem

In theprevioussections,thecomplexity of eachclassdecompositionhasbeenconsid-

eredfor anincreasingnumberof classes.In reality thesizeof aclassificationproblem

is fixed, and the real problemis to reducethe training cost for a given numberof

classesanda fixednumberof datapoints. This problemis consideredin this section

andit is indeedshown that thehierarchicalandpairwisedecompositionshave anad-

vantageovertheone-of-n decompositiondueto thereducedcomplexity of thedecision

boundariesfor eachsubmodel.

Considerfirst thepairwisedecomposition.In many casesthedecisionboundary

betweenany two classeswill be linear or nearlinear. Therewill of coursebe some

neighbouringclasseswhich mayhave complex decisionboundariesdueto thepartic-

ular applicationcomplexity, but on thewhole, if any two classesarechosenthey will

have a simpledecisionboundary. This is the mostattractive featurefor the pairwise

classifier.

In this case,it would be a sensibleidea to attemptto train a linear model to

discriminatebetweeneachclasspair. Then if this linear modelwas found to be of

insufficient complexity, then a non-linearmodel shouldbe trained instead. In this

way, the non-linearityis usedonly whereit is needed,reducingthe overall training

complexity. To make this processmore efficient the effort spenttraining the linear

modelshouldbeconservedby initialising thenon-linearmodelwith thesolutionlearnt

by the linear model. This is readily achieved by initialising a MLP from a linear

discriminant. If the decisionboundaryis only slightly non-linear, then the initial

parametersof the untrainednon-linearmodelwill most likely be very closeto their
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optimal valuesalready. Thus the numberof training cycles usedfor the complete

pairwiseclassifieris expectedto bereducedsignificantly.

The methodusedto initialise a MLP from a linear discriminantis quite simple,

sincethehiddennodesof anMLP arelogistic linearfunctionsin theinputspace,asis

the logistic lineardiscriminant.Theweightvectorsfor eachof thehiddennodescan

beinitialisedby

wh
i � w (4.54)

bh
i � b � (4.55)

wherewh
i is theweightvectorfor theith MLP hiddennode,bh

i is thebiasvectorfor the

ith MLP hiddennode,w andb aretheweightvectorandbiasfor thelineardiscriminant

respectively. Thehiddento outputweightsfor theMLP thenneedto beinitialisedsuch

thattheMLP hasthesameoutputasthelineardiscriminant.This is doneby setting

wo
1 j � 2

nh (4.56)

bo � � 1 � (4.57)

wherenh is the numberof hiddennodes,wo
1 j is the jth elementof the oneandonly

outputnode,andbo
1 is thebiasfor thatnode.In practicesomerandomnoiseshouldbe

addedto Equation4.54to allow eachhiddennodeto diversifywith furthertraining.

This principle canbe usedeffectively for the hierarchicalclassifieralso. Given

that the classhierarchyhasbeenfoundsuchthat thesubproblemsin thehierarchical

decompositionareof linearor nearlinearcomplexity, thenthesameprocedurecanbe

applied. The agglomerative clusteringprocedurefor finding a classhierarchywhich

is describedin Chapter5 hasthis property. This is expectedto reducethenumberof

trainingcyclesneededfor thecompletehierarchicalclassifier.

However, this principle is not as efficient for the one-of-n classifier, sincethe

subproblemsare lesslikely to be linear, or even nearlinear. It hasbeenshown in

this chapterthatthecomplexity of thedecisionboundariesfor eachsubproblemin the

one-of-n decompositionincreaseswith thenumberof classes,whereit is constantfor

thepairwiseandhierarchicaldecompositions.For a fixed-sizeproblem,it is expected

that many moreof the subproblemswith be of non-linearcomplexity thanfor either

of thepairwiseor hierarchicaldecompositions.Non-linearmodelsmaybe initialised

with theparametersof a linearmodel,but this would not beexpectedto significantly

reducethenumberof trainingcyclesneededto specifytheparametersof thenon-linear

model.
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One-of-n Pairwise Hierarchical

Numberof models k k � k � 1� « 2 k � 1

Permutations 1 1 ∏k � 1
n³ 12n � 1

Numberof pointsusedin training ntk2 ntk � k � 1� ntk log2k

Numberof modelsevaluatedwhenclassifying k S k � k � 1� « 2 S k � 1

Suitablewith lineartechniques No Yes Yes

Computationalcut-off possible No Yes Yes

Table4.3: Summaryof propertiesfor thethreeclassdecompositions

4.12 Summary

As solutionsto amulticategoryclassificationproblem,threemethodsof decomposing

thesetof classeshavebeencompared.Table4.12summarisesthepropertiesdiscussed

in this chapter.

A new taxonomyof multicategoryclassificationhasbeenpresentedandin partic-

ular the paradigmof decomposingthe setof all classesinto binary subproblemshas

beenexploredandthreemethodsthatappearseparatelyin theclassificationliterature

havebeendefinedandanalysedunderthis paradigm.

An equivalencehasbeenshown betweenthe threedecompositionswhenthe re-

quiredclassconditionaldistributionsareknown perfectly. Therelationshipsbetween

thethreemethodshavethenbeencomparedusinglineardiscriminantmodels,showing

thatthehierarchicalandpairwisedecompositionshave a considerableadvantageover

the one-of-n decompositiondue to their ability to representa greaterproportionof

problemsof many classesusingsimplelineardecisionnodes.

A comparisonin termsof thenumberof pointsneededto traineachsubmodeland

thenumberof comparisonsneededin classificationwasalsomade.Thehierarchical

decompositionhasthegreatestadvantagehere,but theproblemof designingtheclass

hierarchyhasnot beenaddressed.

It hasalsobeenstressedthattheneedfor non-linearmodelsshouldonly bejusti-

fied if thebinarysubmodelsin eachdecompositionrequireit. In thiscasetheone-of-n

decompositionrequiresnon-linearmodelswherethepairwiseandhierarchicaldecom-

positionsdonot, thustheneedfor non-linearmodelscanbereducedto aminimumby

adoptingeitherof thesedecompositions,andtheone-of-ndecompositionunnecessarily

complicatestheform of thebinarysubproblems.



Chapter 5

Hierar chical structur e identification

In Chapter4 thecomplexity of thesubmodelsin a classdecompositionclassifierwas

investigated.It hasbeenarguedthat the complexity of the submodelsin a pairwise

classifierareconstantfor an increasingnumberof classes,that theone-of-n classifier

hastheundesirablepropertythat thecomplexity of eachsubmodelincreaseswith the

numberof classes,andthatthecomplexity of thesubmodelsfor thehierarchicalclas-

sifier canbe controlledby the designof the classhierarchy. This chapterdescribes

methodsthatcanbeusedto designtheclasshierarchyto minimisethecomplexity of

eachsubmodelin ahierarchicalclassifierwith acritical comparisonof theiradvantages

anddisadvantages.

An importantdifferencefrom other tree-basedclassifierssuchas decisiontree

classifiersis that the classhierarchyis finite andof constantsizefor a fixed number

of classes,k. Therearealwaysk � 1 nodesin the treeandeachclassis represented

by the k leavesin the tree. This allows combinatorialoptimizationtechniquesto be

usedto optimize the classhierarchy, wherein decisiontree classifiersthe tree can

be infinite and this restrictsthe choiceof designprocedureto a top-down divisive

algorithmwherethe treeis designedgreedilystartingfrom the root. In this chapter,

top-down divisive algorithms,bottom-upagglomerative algorithmsandmoregeneral

combinatorialoptimizationtechniquesarediscussed.

Eachnodein thehierarchicalclassifierbreaksits inputclasssubsetinto twooutput

subsetsandgivesprobabilitiesfor eachoutputsubset:

P � Ωout
s � Ωin � x � � s � 1 � 2 � (5.1)

Criteria canbe definedthat evaluatea particularsplitting of a classsubsetat a

particularnode,andthesemaythenbecombinedto evaluatethewholeclasshierarchy.

90
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5.1 Objectivefunctions on individual nodesin the hier-

archy

Givenk classescontainedin Ωin thatmustbeseparatedinto two subsetsΩout
1 andΩout

2 ,

thereare2k � 1 � 1 waysof achieving this.

Eachclassis representedby a seriesof pointsin featurespacewith anassociated

classlabel, ¯ xi � ωk ° for i pointsandk classes.Givena classsubset,Ωout
s , thepointsfor

eachclassmaybeaggregatedaccordingto whethertheclasslabelωk falls in theclass

subset.

Distancemeasuresmaybedefinedonthepointsin eachclasssubsetindividually,

or on thewholeclassesrepresentedby theirmeans.

5.1.1 Distancemeasures

Givena setof points, ´ xi µ � i � 1 �
�	�	�¶� N, wherexi is a vectorin P dimensionalinput

space,a selectionof distancemeasurescanbeappliedbetweenany two points(Fried-

manandRubin,1967;Basseville, 1989):

TheMinowski metricis ageneralform of severalwell-known distancemeasures:

di j �6· d

∑
k³ 1 ¸¸ xik � x jk ¸¸ r ¹ 1º r � r § 1 (5.2)

this leadsto theManhattanmetricwhenr � 1, theEuclideandistancewhenr � 2 and

theinfinity normwhenr � ∞.

Thesedistancemeasuresare describedfurther below, with specificproperties

outlined:� SquaredEuclideandistancebetweentwo points:

Si j � P

∑
p³ 1

� xi p � x j p � 2 � � xi � x j � T � xi � x j � (5.3)

wherexi is the ith point andxi p is the pth componentof thesamevector. This

distancemeasureis invariantunderany orthogonaltransformationof thepoints

in input space.
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squareswhich is invariantunderany non-singulartransformationof the input

space.

Mi j � � xi � x j � TΣ � 1 � xi � x j � (5.4)

whereΣ is the covariancematrix for the points in input space. This hasthe

disadvantagethatthesizeof thecovariancematrix increaseswith thenumberof

input dimensions,andthe inversemay involve significantcomputationin high-

dimensionalspaces.

If weassumethateachclassis normallydistributedwith equalcovariancematrix

then we may usethe above distancemeasuresdirectly on the meansof eachclass

distribution. If we assumethateachclasshasequalcovariancewhich is a multiple of

theidentitymatrix (i.e. a sphericaldistribution) thenwecanusethesumof squaresas

ameasureof distancesbetweenclasses:

Si j � P

∑
p³ 1

� µi p � µj p � 2 � � µi � µj � T � µi � µj � (5.5)

whereµi is themeanvectorfor the ith classandµi p is the pth componentof thesame

vector.

If the assumptionof equalclasscovariancesis too strongit canbe relaxed by

usinga form of theBatacharryadistancewhereΣi is thecovariancematrix for the ith

class,

Bi j � 1
8
� µi � µj � T » Σi � Σ j

2 ¼ � 1 � µi � µj � � 1
2

ln ¸¸¸ Σi � Σ j
2 ¸¸¸½ � Σi �¾� Σ j � � (5.6)

Thefirst termreflectstheseparationdueto themeandifferencebetweenthetwo

classesand the secondterm reflectsthe differencedue to the covariance(Kim and

Landgrebe,1991). Again this requiresan inverseandnow threedeterminantsto be

calculated,which may involve significantcomputationalcost for high-dimensional

spaces.
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5.1.2 Entr opy measures

Schurmann(Schurmann,1996)suggeststhatanentropy measuremaybeusedto eval-

uatethesuitabilityof achoiceof classsubsets.

H � P � Ωout
s � Ωin � x �	�K� 2

∑
s³ 1

P � Ωout
s � Ωin � x � log ¢ 1

P � Ωout
s � Ωin � x � ¤ � (5.7)

This is at is maximumwhen the probabilitiesare evenly divided betweenthe

classes,anda minimumwhenthemajority of theprobabilitymassis assignedto one

classsubset.This is similar in motivationto themetricsusedin theC4.5algorithms

for thedesignof decisiontreeclassifiers(Quinlan,1993).

5.1.3 Fisher’scriterion

The Fishercriterioncanbe usedasa measureof separabilitybetweentwo classesat

eachlevel, it is definedasfollows(Bishop,1995):

J � w �"� wTSBw
wTSWw

(5.8)

whereSB is thebetweenclasscovariancematrix:

SB � � µ2 � µ1 � � µ2 � µ1 � (5.9)

µi beingthemeanof classi andSW thetotalwithin classcovariancematrix:

SW � ∑
n � C1

� xn � µ1 � � xn � µ1 � T � ∑
n � C1

� xn � µ1 � � xn � µ1 � T (5.10)

Theweightvectorw is givenby:

w � S� 1
W � µ2 � µ1 � � (5.11)

Fisher’s criterion is a measureof the distancebetweenclassmeans,normalized

by thewithin classscatteralongthedirectionof w. This is anacceptablemeasureof

separabilityof twoclasses,undertheusualassumptionsof Gaussianclassdistributions,

but againrequiresamatrix inverse.
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5.2 Objectivefunctions on the completehierarchy

The metricsdescribedin the previous sectionmeasurethe suitability of the splitting

of a setof classesinto two subsets.This canbeusedto determinethesuitability of a

singlenodein thetree.However, if thesearchfor themostappropriateclasshierarchy

is doneasa combinatorialoptimizationon the setof all completeclasshierarchies,

thenmetricshatdeterminethesuitabilityof thecompletehierarchymustbeused.This

maybeformulatedasacombinationof theabovesingle-nodecriteria,or by wayof the

final classificationrate.Thesearediscussedbelow.

Any of thecriteriadescribedin Section5.1canbeusedto describethewholetree

by simply combiningthemfor eachnodein thetree.Thesimplestway to do this is to

do this is to calculatethesumof thecriteriaover eachnode.Thesemaybeweighted

accordingto the depthof eachnodein the treeto allow the nodesnearerthe root to

have more of an effect on the total value. If eachnodeis given equalweighting it

shouldbenoticedthattheleafnodeswill dominatethetotal valuesimplybecausethey

aremorenumerous.

If accuracy weretheonly concernwhentrainingaclassifier, thentheclassification

rate is the most representative measureof this accuracy. Thoughsometimesother

criteriasuchasinterpretabilityarerequiredfromthefinal solutionwhicharenotalways

bestrepresentedby ameasureof accuracy.

Unfortunately, classificationrate is the most computationallyexpensive of all

measuressinceit involvesfeatureselectionandtrainingto beperformedon theclassi-

fier every time themeasureis required.Thedistancemeasuresgivenabove arecom-

monly usedsincethey offer a lesscomputationalapproximationto the classification

rate.

Anotherpossiblecriterioncanbecomputedfrom theconfusionmatrix resulting

from thecompletetrainedk-classclassifier(Schurmann,1996).Theconfusionmatrix

is definedas:

confus¯ k � j °¿� relative frequency of patternscomingfrom classk

andbeingrecognizedasmembersof classj (5.12)

A total errorcriterion is thecombinationof errorsfrom classesin oppositeclass

subsetsacrossall nodesin thehierarchy. If N is the setof all nodesin the hierarchy

andΩn
1 andΩn

2 arethetwo classsubsetsfor noden:
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error � ∑
n � N À ∑

k � Ωn
1 Á j � Ωn

2 Â k � Ωn
2 Á j � Ωn

1

confus¯ k � j °ÄÃ � (5.13)

Thisvalueis to minimizedwhenchoosingasuitableclasshierarchy. Howeverthis

suffersfrom thesameproblemthatthehierarchicalclassifierneedsto befully trained

eachtime.

Given a suitablecriterion for selectinga particularchoiceof classsubsetit is

possibleto recursivelychooseoptimalclasssubsetsto formaclasshierarchy. Whenthe

numberof classesis smallthismaybedonesystematically. Howeverwhenthenumber

of classesbecomestoo largeit is impracticalto enumerateall possiblechoicesof class

subsets,evenfor abinarysplit. In thiscaseaniterativeclusteringprocedurecanbeused

that optimizesa criterion by estimatingclustercentresfor the two classsubsets,and

thenchoosingsubsetsto be thoseclassesbestrepresentedby eachrespective cluster

centre.Clusteringis presentedin thenext section.

5.3 Clustering

Therearetwo mainapproachesto formingahierarchyusingclusteringmethods,either

by combiningsingletonclassesinto classsubsetsandconstructingthehierarchyfrom

the bottomup, or by splitting the completesetof classesinto classsubsets,starting

from the root, and building a hierarchyfrom the top down. Theseare known as

agglomerative, anddivisivemethodsrespectively (Kim andLandgrebe,1991)andare

describedbelow.

5.3.1 Agglomerativeclustering

Whendesigninga classstructurefrom thebottomup, thegoal is to grouptheclasses

togetheraccordingto a similarity measure.The two mostsimilar classesare joined

to form a classsubset.Eachnew classsubsetreplacesits membersandtheprocessis

repeateduntil thelasttwo classor classsubsetsarejoined.This techniqueis alsoused

in anunsupervisedmannerwhenno classinformationis availableby usingindividual

pointsasinitial setsandcombiningsetsof points.

Thesimilarity measuresusedcanbechosendependingon theassumptionsmade

on the classdistributions. A suitabledistancemeasuremay be chosenfrom those

describedin section5.1.1.
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Figure5.1: Exampleof agglomerative treeformation

Thesemeasuresare usedto comparesetsof classesfor joining and allow the

agglomerativeclusteringalgorithmto produceaclasshierarchy.

The time complexity of this algorithmis dependenton the the numberof com-

parisonsthat have to be madebetweenpairsof classes.Fro a problemof k classes

therewill alwaysbek � 1 agglomerativestepsin thisalgorithm.Thefirst steprequires

k � k � 1� « 2 comparisonsbetweenpairs of classesand the secondstepthen requires� k � 1� � k � 2� « 2 comparisons.The laststeprequiresno comparisonssincetherewill

beonly two nodesto join. Thenumberof comparisonsis thesumof comparisonsfor

eachlevel:

Nagg � k � 2

∑
m³ 0

� k � m� � k � m � 1� « 2 � (5.14)

Thetimecomplexity is thenin theorderof k2 comparisons.

5.3.2 Divisiveclustering

Thetop-downapproachto structuredesignworksin anoppositefashionbyconsidering

the datasetasa whole initially andthensplitting it into smallergroupsaccordingto

a performancecriteria (Lin and Fu, 1983). Eachgroup can then be consideredfor

splitting itself anda hierarchyis built in a recursivemanner.

EDCBAEDCBAECB A B C D E

4

D

21 3

A

Figure 5.2: Exampleof divisive treeformation

Thetechniqueof splittingdatainto homogeneousgroupsis well researchedin the

literatureonclustering,however it is dominantlyanunsupervisedlearningtask.
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Althoughin thiscasetheclasslabelsarepresentandknown, andthis information

shouldbe usedin designingthe treestructure. The classesneedto be groupedinto

classsubsetsthat aremostseparableusingthe fewestnecessaryfeatures.Thereare

k � 1 divisionswhenusingdivisive clustering,but the computationalcomplexity of

theclusteringprocedureperformedfor eachdivision is not known asit will involvean

unknown numberof iterationsdependingontherandominitialisationof theclustering

procedure.

Existing clusteringmethods,andalso,mixture methodsfor estimatingmixture

distributionsmay be usedto determineclustersof interestin the data. Onceclusters

have beendefineda decisionmust be madeas to how to group the classinto two

distinctsubsetsusingtheclusteringinformation.

5.4 Combinatorial optimization

In the preivous sections,the designof the classhierarchyhasbeendescribedas a

greedysearch,whereonceastepin theprocedurehasbeentaken,it cannotbeundone.

Top-down andbottom-upproceduresthatinvolvek � 1 divisiveor agglomerativesteps

thatconstructthehierarchylevel by level weredescribed.In thissection,analternative

methodis proposedthattakesadvantageof thefactthatthereis a finite setof possible

classhierarchies.This is combinatorialoptimization,wherebythesetof possibleclass

hierarchiesis searchedaccordingto anobjective function.

Combinatorialoptimizationis a problemwherebytheoptimumsolutionis to be

found in spacewhich is non-linearandnon-convex. Gradientinformationmay not

be availableor necessarilyusefulin suchproblemshencetheunsuitabilityof typical

gradient-basedalgorithms.An objective functionmustbegiventhatdefinesanorder-

ing betweenstatesin thesearchspace.Eachspecificalgorithmdefineshow thestate

spaceis searchedto find the mimimum-valuedsolution accordingto that objective

function.

In termsof finding a solutionto the classhierarchy, an objective function from

Section5.2maybechosen.It hasalreadybeenmentionedthatif thenumberof classes

becomestoo large thena systematic,or exhaustive searchis impractical. Thereare

many potentialalgorithmsthataredesignedto producenear-optimalsolutionsin such

asituation,namelydirectedgraph-searchingtechniquesuchasbranchandbound,and

statisticaltechniquessuchassimulatedannealingandgeneticalgorithms.

Thesearchstrategiespresentedin this sectionstrive to find a classhierarchythat

gives a minimum value of the objective function. It is expectedthat therewill be
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many local minimadueto thediscretenatureof thesearchspace(thesetof possible

classhierarchies).Thereareseveral combinatorialoptimizationtechniquesthathave

becomestandardin theliterature,someof which aredesignedto overcomesuchlocal

minima. As ever, thereis no onealgorithmwhich canguaranteetheglobalminimum

is found,but techniquescanbeusedthatincreasethechanceof findinga goodresult.

Thediscreteoptimizationproblemcanbedefinedasfinding a solutionfrom the

set of all possiblestatessuchthat minimizesa given objective function within any

givenconstraints.Thesetof all possiblestates(statespace)maybe viewed in some

casesasagraph,givenoperatorsthattransformonestateto another. Suchgraphstend

to grow exponentiallywith the sizeof a problemandoptimal searchtechniquesare

NP-compete,thatis thesolutiontime increasesexponentiallywith problemsizefor all

algorithms.However, heuristicalgorithmsexist thatcanfind sub-optimalsolutionsin

polynomialtime. Examplesaredirecteddepth-firstsearch(DFS),cost-boundedDFS

(IDA*), depth-firstbranch-and-bound(DFBB) and best-firstsearch(BFS). Eachof

thesehastheir meritsandarediscussedbelow.

The searchalgorithmsmentionedso far are all deterministic. They attemptto

overcometheproblemof localminimaby backtrackingto previouslyunsearchedpaths

in thegraphthatmaypotentiallyleadto bettersolutions.Alternativealgorithmsescape

from localminimaby usingstochasticmethodsto searchthegraph.Simulatedanneal-

ing allowsall possiblepathsto bechosenwith agivenprobability, hencebacktracking

is allowed. Geneticalgorithmsusestochasticcrossover and mutationoperatorsto

explorethestatespace.Thesearealsodiscussedbelow.

JainandZonker (JainandZonker, 1997)provide a taxonomyfor a similar setof

algorithms,with anempiricalcomparisonusingtheMahalanobisdistanceascriterion

for a featureselectionproblem.

The next few sectionsdescribediscreteoptimizationsearchtechniques,starting

with thedeterministicgraphsearches,thenstochasticgraphsearches,andfinally ge-

neticalgorithms.

5.4.1 Deterministic graph search

Pointsin adiscretestatespacecanberepresentedasnodeonagraph.Thearcsbetween

the nodesrepresentvalid transformationsfrom onestateto another. Given an initial

stateasa startingpoint, a problemmaybesolvedby traversingthegraphuntil a valid

solutionis found.For someapplicationsthegraphmaybeaspecialcasewithoutloops.

i.e. atree.However, any graphmaybesearchedasatreeif nodesarevisitedonly once.

This is thepreferredmethod,andhenceagraphsearchcanbeconsideredequivalentto



CHAPTER5. HIERARCHICAL STRUCTUREIDENTIFICATION 99

a treesearch.

Exhaustive tree-searchingtechniquessuchas depth-firstsearchare simple, but

for many applicationsthis is impracticaldueto theexponentialincreasein time with

increasingproblemsize. Methodsareusedto ‘prune’ branchesof the tree to avoid

unnecessarycomputation.Thesemaybeoptimal,wherebytheoptimalsolutioncanbe

proved to not lie in the prunedbranch,or heuristic,wherethe chancesof discarding

goodsolutions,includingtheoptimalone,is minimized.

The mostextremeandleastcomputationallyexpensive pruningtechniqueis se-

quentialforwardsearchwherebyonly thebestsuccessivestate,accordingto theobjec-

tive functionis chosen,andall othersdiscarded.Thisdoesnotallow any backtracking

andthefirst minimafoundis offeredasthesolution.In thelikely eventof many local

minimathis will seldomfind theglobalsolution.This is alsoknown ashill-climbing.

To introducebacktracking,insteadof discardingsuccessive statesand conse-

quently the pathsresultingfrom thosestates,they areorderedin termsof the likeli-

hoodof offering thebestsolution. Thesecondbestmaybe visitedoncethebesthas

beenevaluated.This is alsoknown asdirected-DFS. Without pruningthis is againan

exhaustivesearch.Evidently, branchesmaybeprunedafter then-th bestsolutionhas

beenvisited.

An alternative is to limit thedepthof thesearch,in depth-boundedDFSthedepth

is limited and possiblyextendedif no satisfactory solution is found. This may be

furtherimprovedby introducinga formal ‘cost’ criterionto replacethedepthmeasure.

This is known ascost-boundedDFS, apopularalgorithmin this vein is IDA*.

Branchandboundtechniquesmay be appliedto DFS to prunebranchesof the

searchtree. A lower boundon thecostof a solutionpaththatpassesthrougha given

statecanbe computed.If this lower boundof a certainnodeis larger thanthe cost

of thebestsolutionso far, thenthenodecanbepruned.This is known asdepth-first

branch-and-bound(DFBB).

An alternative to depth-firstsearchis to considerthemostpromisingnodeof all

nodescurrentlyonthesearchfrontier, acrossall branches,asopposedto concentrating

on only onebranch.This searchtechniqueis calledbest-firstsearch(BFS).However

this entailsthe overheadof storingthe searchfrontier at all times,which may grow

exponentiallywith searchdepth. Again boundsmay be estimatedto prunenodes,

giving rise to best-firstbranch-and-bound(BFBB), also know as the algorithm A*.

Many of thesealgorithmsmay be implementedon a parallel processorarchitecture

(GramaandKumar, 1999).
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5.4.2 Simulatedannealing

Simulatedannealingis a combinatorialoptimizationtechniquethatborrows its moti-

vation from the physicalprocessof cooling a moltenmetal. In termsof hierarchical

structuredesign,it is a stochasticsearchprocedurethatallows positivechangesin the

objective function.Alterationsto thestructurearechosenat randomandif thechange

is negative thealterationis accepted,otherwiseit is only acceptedwith a probability

accordingto thesizeof theincreasingstep∆J anda temperaturecoefficientT:

P � A��� ¥ e� ∆J º T if ∆J § 0

1 if ∆J ¡ 0
(5.15)

whereP � A� is theprobabilitythatstepA is accepted.

This tolerancefor stepsof decreasingobjective allows the algorithmsto ‘jump’

out of local minimaat high temperatures,wherenearlyall stepswill betaken,andas

thetemperatureis ‘cooled’ thealgorithmwill settleonaminimum,hopefullyglobal.

Given a suitableobjective function andoperatorsthat performthe ‘steps’ from

onecondidatesolutionto thenext, thensimulatedannealingis easyto implementand

relatively efficient, althoughmany iterationsof the algorithmneedto be run. It can

be difficult to know when to terminatethe algorithm sinceit is never known when

the solutionfound is the global optimum. Usually several runsof the algorithmare

performedwith differentrandominitialisationsin anattemptto avoid local minimum.

Choiceshave to bemadeon theform of therandomstep,andthecoolingschedule.

5.4.3 Geneticprogramming

Geneticprogrammingis a branchof geneticalgorithmsthat usesa treestructureto

encodeasetof actions(possiblyacomputerprogramme)andevolvesaninitial random

populationof suchstructures(Koza,1992). Thosestructuresgiving the bestperfor-

manceaccordingto a fitnessfunction (or objective function) areselectedto generate

thenext populationvia operatorssuchascrossoverandmutation.Unlikehill-climbing

the operatorsarenot guaranteedto generatea valid solutionandsomecomputation

will bewastedon evaluatinggarbagestructures.

Thesetof possibletreesusedfor classhierarchiesis quite restricted,sinceeach

classmustberepresentedasa leaf node.Theremustbeno repetitionsof classes,and

noneleft out. To defineageneticencodingthatallowscrossoverandmutation,thetwo

fundamentaloperatorsof geneticalgorithms,without generatingexcessesof garbage

treeswouldbeacomplicatedtask.
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Naturally the operatorsfrom hill-climbing canbe usedin geneticprogramming

to provideastructureconstrainedto becorrect,althoughthis reducesto aparallelhill-

climbingexercise,similar to performingmany randomlyinitializedhill-climbs andhas

little geneticmotivation.

Additionally, due to the fact that genetictechniquesare populationbased,the

numberof evaluationsis proportionalto thesizeof thepopulation.Evaluatinga hier-

archicalclassifierwith many nodesis alreadyquitecomputationallyexpensive, anda

geneticalgorithmwouldbeexpectedto increasethis by a factorof thepopulationsize

for eachstepin thesearch.

5.5 Objectivefunctions for a discretesearch

In theprevioussectionit wassuggestedthattheclasshierarchyof aprobabilistichier-

archicalclassifiercouldbefoundby discreteoptimization.This is furtherinvestigated

in this section. The problemis discussedin termsof the ideal solution,which will

eventuallyleadto anobjective functionandsearchconstraints.

It is proposedthat theclasshierarchycanbefoundby a searchin solutionspace

(i.e. thesetof all possibleclasshierarchies).Thesearchstrategy mustallow for four

specificrequirementson theeventualsolutionsought.Thatis:� Accuracy - Thefinal classifiershouldproduceaccurateclassificationresults.� Degreesof freedom- The numberof parametersfor the final modelshouldbe

controlledto preventover-fitting andthecurseof dimensionality.� Smoothness- Themodelsmustadhereto predefinedconstraintson thestructure

to preventunbalancedtrees.� Prior knowledge- If a prior modelis given,the informationrepresentedin that

prior mustberespected.

Thesearefurtherexplainedin thesectionsbelow.

5.5.1 Accuracy

To measuretheaccuracy of aclassifierthemostdirectmeasureis themisclassification

rate, as this truly reflectsthe desiredperformance. However this can be costly to

compute,asit involvesthecompletetrainingof eachclassifiernodein thehierarchy.
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Criteriafor evaluatingindividualnodesaregivenin section5.1.1andalsocriteria

for evaluatingcompletetreearegiven in section5.2. However, careshouldbe taken

whencombiningsinglenodecriteria to representa completeclasshierarchy. Simple

summationswill be dominatedby the valuesfor the leaves,simply becausethey are

morenumerous.If thenodescloserto therootaremoreimportantthenthey shouldbe

weightedassuchwhenaddingtheseparatenodecriteria.

5.5.2 Degreesof fr eedom

Thedangersof over-fitting andthecurseof dimensionalityhavebeenknown for some

time (Bishop,1995).Controllingtheeffectivenumberof parametersin amodelis im-

portant,especiallyin termsof smalldatasetswheretheparametersneedto bespecified

by a few datapointsin amannerthatis statisticallysignificant.

The numberof nodesin the classhierarchyis fixed,dueto thebinary natureof

thetreeandtherequirementthatall classesshouldbepresent.Thecomplexity of the

modelcanbe controlledby usingthe optimumminimal featuresetat eachclassifier

node.

However, distancemeasuressuchasin section(5.1.1)canonly beusedtocompare

featuressetsof the samedimensionality. This presentsa problemsinceperforming

featureselectionfor eachstateto beevaluatedin solutionspacewill resultin modelsof

differentdimensionalityacrossnodes,renderingthe summationmeaningless.Again

a solution to this would be to usethe final classificationaccuracy asa performance

measurebut this is too computationallyexpensive. As an initial investigation,the

searchis performedonmodelscontainingall features,allowingsuchdistancemeasures

to beused.

Featureselectionandtrainingcanbeperformedon themodelgivenby thefinal

classhierarchy.

5.5.3 Smoothness

For a classhierarchyto bemeaningfulandinterpretable,it is likely that is shouldbe

well balanced(i.e. noparticularbranchshouldbesignificantlydeeperthantheothers).

A constrainton themaximumallowabledepthof a singlebranchcanbe imposedon

therequiredsolution.
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5.5.4 Prior knowledge

Thedatais not usuallytheonly availablesourceof informationon thedesiredmodel.

Prior knowledgeshouldbe usedwherever possibleto aid the constructionof a good

model. If a classhierarchyis suggestedthroughdomainknowledgethen it may be

desirableto find asolutionthatdoesnotdiffer significantlyfrom thegivenhierarchy.

Treecomparisonalgorithmsareavailable,but canbecomputationallyexpensive.

In somecasesthedistancebetweentwo treesis describedby thenumberof transfor-

mationsrequiredto transformone tree to the other. This distanceis effectively the

searchdepthif thesearchis initialized with a prior hierarchy. This canbeeasilyand

efficiently incorporatedasaconstrainton thesearch.

Thediscreteoptimizationproblemcanbedefinedasfinding a solutionfrom the

set of all possiblestatessuchthat minimizesa given objective function within the

givenconstraints.Theconstraintsmaybeincorporatedashardconstraintsonthestates

allowedby thesearchprocedure,thesearchrejectsany statesthatdo notadhereto the

constraint,or they maybeincorporatedassoftconstraintsby introducingextratermsin

theobjectivefunction.Hardconstraintsusedaretherestrictiononthesearchdepth,or

theamountof backtracking,effectively reducingthesearchspace.Softconstraintscan

requirefree parametersto be estimatedascoefficientsfor eachterm in the objective

functionwhichcanbecostlyfor largesearchspaces.

5.6 Operators on classhierarchiesfor discretesearch

It hasalreadybeendescribedin section5.4.1thata discretespacecanberepresented

asa graphwhenanoperatoris definedthatmapsonestateto another. Thisgraphthen

becomessearchableif anorderingis imposedon thestatesvia anobjective function.

For thesetof unorderedbinarytreesthatareusedto representtheclasshierarchy,

onesimpleoperatorcantransformonetreeto anothersuchthatall possibletreesmay

bereachedfrom any startingtreeby successiveapplicationsof theoperator. A simple

suchoperatoris describedhere.A branchmaybe ‘shifted’ to the left or the right. A

right shift is illustratedin Figure5.3.

This operatormaybe appliedto the left or right, andon mostnodesin the tree,

it can be interpretedsimply as moving a memberof an non-terminalnode to the

opposingnon-terminalnode. This may involve shifting a whole branchwith many

descendants.Any valid hierarchymay be generatedfrom any othervalid hierarchy

usingcombinationsof this operator. For simplicity only binaryhierarchiesareused.

Oneattractivepropertyof thisoperatoris thatif ahierarchicalclassifieris trained,
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Figure 5.3: Exampleof branchshifting operator

andthentheoperatorappliedonce,thenonly two nodesin thetreeneedto beretrained

to retrain the whole classifier. The modelsfor all othernodesareunalteredanddo

not needretraining. This leadsto an efficient evaluationof the classificationrate

which mayallow theclassificationrateto beusedasthesearchobjective in a discrete

optimisation.Theretrainingtimecomplexity doesnotdependonthenumberof classes

in this case,whereasnormallythetrainingtimecomplexity is in theorderof k.

5.7 Summary

This chapterhasdescribedtechniquesusedfor choosinga specificclasshierarchy,

whetherthroughconstruction,or a discretesearch.Theuseof a discreteoptimization

searchon defining the classhierarchyis infrequently investigatedin the literature,

althoughit is mentionedvery briefly by Shurmann(Schurmann,1996). Potential

algorithmshave beendescribedin this chapter. Although the specificationof the

classhierarchycan be of importancewhen using linear models,the impact of the

classhierarchydiminishesfor moreflexible non-linearmodels,sincefor a perfectly

flexible model the classhierarchycanbe assignedarbitrarily without degradingthe

classificationperformance.Thereis a trade-off betweenthecomplexity of themodel

at eachnodeandtheeffort requiredto optimisetheclasshierarchy. In Chapter7 com-

parisonsaremadebetweena classhierarchyfound using the reliableagglomerative

clusteringprocedureusingEuclideandistancemeasures,andarandomclasshierarchy

to illustratetheimpacton thehierarchicalclassifier.



Chapter 6

Class-dependentfeatures

In Chapter4 it was shown that one methodof solving a many-classproblemis to

decomposethe set of classesto producea combinationof 2-classproblems. Each

2-classproblemis solved conditionedon a reducedset of classes. In this chapter

the novel idea is developedthat certainfeaturesare only good discriminantswhen

conditionedon a particularset of classes.For examplethe position of a loop in a

handwrittencharactercanonly be usefulfor discriminatingthe setof charactersthat

have loopsfrom thosethatdo not.

With the correctclasssubsetsand well designedclass-dependentfeatures,the

two conceptsaremutuallycompatiblein providing a goodinterpretableclassification

schemefor problemswith many classes.Sinceclass-dependentfeaturesareparticu-

larly applicationdependentit is useful to illustratemany of the pointsraisedin this

chapterwith furtherexamplesfrom thechosenapplicationin this thesis,namelyhand-

writtencharacterrecognition.

In particular, this hasimplicationsfor the hierarchicaldecomposition.With the

one-to-onerelationshipbetweenclassesandleavesin thehierarchicaldecomposition

(unlikedecisiontreeclassifiers),it is muchmorestraightforwardto interpretthestruc-

tureof the tree. Eachleaf noderepresentsa completeandmeaningfulclassconcept,

andeachnon-terminalnoderepresentsagroupof classesthathavecommonproperties.

6.1 Definitions

Class-dependentfeaturesaredefinedas featureswhosediscriminationability varies

significantlydependingon theclasseswhich areto bediscriminated.This is unfortu-

natelya rathervaguedefinitionsinceit is likely that thediscriminative ability of any

featurewill vary to someextent dueto variationsbetweenclasses.A morerigorous

105
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definitionis givenlaterin Section6.3derivedfrom theoverlapof theclass-conditional

probabilitydensitiesof a featuregivenasubsetof classes.

Thedegreeto which differentfeaturesareclass-dependentwill in this casevary

dependingonthenatureof eachfeature,but a furtherdistinctioncanbemadebetween

strongandweakclass-dependence.Thesearedefinedasfollows:� Weakclass-dependence:the featurehasa observablevaluefor eachclass,and

the featureand the classvariableareconditionally independentgiven a setof

classes.� Strongclass-dependence:whenconditionedon the classvariable,the feature

maynot haveanobservablevalue.

Theweaksenseof class-dependencecanbeeasilydemonstratedby showing the

class-conditionaldistributionsfor eachclassandobservingthe overlapfor different

setsof classes(asillustratedlaterin Figure6.4).Thestrongsenseof classdependence

is lessamenableto standardanalysisandcanbeexplainedby the following example

from digit recognition.

Supposea featureextractorweredesignedto detectloops in images. If a loop

werepresentthenit would selecttheminimumsetof pixels that form the loop. If no

loop is presentthensetof looppixelsremainsempty. This is givenasfollows:

L � φ � X ��� ¥ ´ setof pixelsin loopµ if loop is present

/0 otherwise�
whereL is thesetof pixel locationsL � ´5� xn � yn � : n � 1 �	�¾�=�¾� N µ , whereN is thenumber

of pixelsin theloop. An exampleof thesetof pixelsselectedfor a characterwith and

withouta loop is shown in Figure6.1.

Thenumberof pixelsselected,N, couldbeusedasafeatureto distinguishclasses

with loopsfrom thosewithout. This featureis anexampleof aclass-dependentfeature

in theweaksensesinceit candistinguishonesfrom zeros,but not sixesfrom nines.If

onewantedto distinguisha six from a nine, thenonecould take theaveragevertical

positionof all thelooppixelsin thesetL. This is definedas:

ŷ � 1
N ∑� x Å y� � L

y�
This featurecontainsuseful discriminatoryinformation sincean imagewith a

loop thatwasabove thecentreof theimagewould mostlikely bea nineandonewith
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Figure 6.1: Exampleof apixel-wiseloop detectoron thedigitssevenandnine

Figure6.2: Exampleof apixel-wiseloopdetectoron thedigits six andnine

thecentrebelow would bea six (seeFigure6.2). However this featureonly existsfor

thoseimagesfrom which a loop wassuccessfullyextracted.For thoseimagesthatdo

not containloops,thevalueof thefeatureis not only ineffective for discrimination,it

doesnotevenhaveavalue.

Suchundefinedvaluesfor featuresareparticularlyproblematicfor statisticalpat-

ternrecognition.Probabilitydensitiescannotbedefinedsimply sincethevalueof the

featureis bothcategoricalandreal(i.e. eitherŷ � ´ undefinedµ or ŷ ¨Æ© ). Theseprob-

lemscouldbeavoidedby discretizingthefeatureinto definedsetsof valuesincluding

theundefinedvalue,but theresultingcategoricalvariablewould have to beunordered

sincethereis no meaningfulorderingfor theundefinedvalue. The existing ordering

informationwouldbelost.

An alternativewouldbeto divide theimageinto distinctcellsandaccumulatethe
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numberof pixelsin eachcell thatcontributesto a loop. Thevaluefor eachcell would

be a positive integerandthe positionalinformationof the loop pixelscouldbe used.

Thisavoidstheestimationof ŷ by usingvaluesderivedfrom theoriginalN.

Althoughstronglyclass-dependentfeaturesasdefinedhereareof interestandthe

authorfeelsthatanalysisof suchfeatureswouldbeusefulfor patternclassificationwith

many classes,this thesiswill concentrateon weakly class-dependentfeaturessince

their analysisis moretractable.Theanalysisof strongclass-dependentfeaturesis left

to futurework in Chapter8.

6.2 Evidencefor class-dependentfeaturesin real-world

data

Therearemany applicationsthatshow evidenceof class-dependentfeaturesthatmay

beexploitedin a multicategory classifier. Thehandwritingexampleabove is but one.

A goodexampleis theBrodatztexturealbum,which is usedasastandardfor compar-

ing textureclassificationalgorithms.Thealbum consistsof 112photographsof both

naturalandman-madematerials,rangingfrom cloth and fabricsto wood andstone

textures. In the texture classificationliterature,many featureextraction techniques

havebeendevelopedto provide featuresthatgivegooddiscriminationbetweenall the

classes(Ng, Nixon andCarter, 1998). However, it may not be sensibleto expectall

featureextractorsto havemeaningfulvaluesfor all textures.

Considerthe four textures taken from the datasetin Figure 6.3 While global

featuredescriptorssuchasgrey-level histogramscanbe sensiblygeneratedfrom all

four textures,it is clearthat texturenumbers26 and47 have propertiesnot presentin

texture numbers31 and74, andvice versa. The former two textureshave dominant

lines that definethe texture, whereasthe latter two have roundedobjectsthat have

circular propertiessuchas radius. Simply the confirmationof the presenceof such

featureswould allow the two pairs to be discriminated,and then the valuesfor the

relevantfeaturemaybeusedto discriminatebetweentextureswithin eachpair.

However featuresdescribedassuchmay be very difficult to design. To extract

high-level circularfeaturesfrom thetexturesin Figure6.3would involvecomplex im-

ageprocessingalgorithmssuchastheHoughtransform,whichmayrequiresignificant

fine tuningto berobustoverdifferenttextureswith similar properties.

An exampleof applicationthat demonstratesclass-dependentfeatures,but one

which doesnot rely on complicatedfeatureextractors,is documentclassification.A

documentof text canbe reliably describedby the setof n mostfrequentlyoccurring
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Brodatztextureno. 26 Brodatztextureno. 47

Brodatztextureno. 31 Brodatztextureno. 74

Figure6.3: Texturesshowing linearandcircularfeatures

words,excluding commonwordssuchas ‘and’ and ‘the’. Documentsthenmay be

distinguishedby theoccurrenceof certainrecognizedwords.This is a casewherethe

context of the documentin questiongreatlyaffectshow it is categorized. Particular

wordswill bepresentfor particularsubjectareas,andthepresenceof thesewordscan

beusedasclass-dependentfeatures.

Forexampleahierarchyof documentscouldbecreatedbydistinguishingdifferent

categoriesof subjectmatter. Supposeone high-level subjectwas ‘sailing’. Once

documentshad beenclassifiedas having a subjectrelating to sailing, then further

classificationcould be doneby searchingfor the words,‘dingy’, ‘yacht’, and‘ship’.

Without the pre-conditioningon the documentsaboutsailing, onewould not expect

thesewordsto becommonenoughto beableto beusefuldiscriminants.

Thenext sectiondescribesa methodfor measuringtheclass-dependentnatureof

featuresusingtheoverlapof class-conditionaldensityfunctions.
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Figure 6.4: Classconditionaldistributionsfor threeclasses;a) theindividual distributionsfor
eachclass,b) theoverlapbetweenclasspairs Ç ω1 È ω2 É , and Ç ω1 È ω3 É .
6.3 Conditional independence

Althoughthereis compellingevidencethatclass-dependentfeaturesmaybeof usein a

many-classclassificationproblem,a formal definitionandanalysisof class-dependent

featuresis neededto be ableto quantify thepossiblebenefitsandreasonaboutthem

clearly. A goodstartingpoint is thedefinitionof class-dependentfeaturesusingcondi-

tional independence.

This is an importantconceptregardingclass-dependentfeaturessinceit canbe

formulatedas:

P � ω � xi � Ω ��� P � ω � Ω � �
This meansthat theclassvariable,ω, anda particularfeature,xi canbe independent

conditionedon thesetof classes,Ω. In otherwords,thedependencebetweenfeatures

andclassesmay vary given a setof classesasa context. The meaningof the above

relationshipis illustratedasin Figure6.4.

Heretheclass-conditionalprobabilitiesaredrawn asnormaldistributions. If we

let theclasslabelbedescribedby a randomvariableW whereW ¨Ê´ ωi ; i � 1 �	�	�	��� k µ
andthe featureberepresentedby a randomvariableX whereX ¨Ë© . ThenW andX

areindependentif P � W � ωi � X � x��� P � W � ωi � . (This is writtenasP � ωi � x�R� P � ωi �
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for brevity). This statesthat they areindependentif knowing thevalueof X doesnot

changeour belief in thevalueof W.

Figure6.4 shows class-conditionaldistributionsfor threeclassesthatarenot in-

dependent.As x1 changesthenwecanmakesomeinferencesabouttheprobablevalue

of ω.

If weconditiontheposteriorprobabilitieson thesubsetΩ � ´ ω1 � ω2 µ thenit can

beseenthatx1 andω arenow independent.Knowing thevalueof x1 doesnotaffectthe

probability of the classlabel significantlybecausethe class-conditionaldistributions

arevery similar for the two classes.Thereforeif we aremakinga decisionbetween

classesω1 andω2 thenthis featureis of little useandcanbe omitted. Converselya

measureof dependenceis usefulto selectthosefeatureswhich areusefulfor discrim-

inatingbetweenspecificsetsof classes.If we conditiontheposteriorprobabilitieson

the subsetΩ � ´ ω1 � ω3 µ , x1 andω arenow dependent.The valueof x1 now tells us

with certaintythevalueof ω (low valuesof x1 meanstheclasslabelis ω1, highvalues

meantheclasslabelis ω3).

Thedegreeof dependencebetweentheclassvariableandspecificfeaturesgiven

opposingsubsetsof classescanbecalculatedvia theareaof overlapof the two class

conditionaldistributions. If Ωl andΩr arethe two classsubsetsto be distinguished

thentheareaof overlapbetweenthetwo class-conditionaldistributionsis:

O � Ωl � Ωr � x �*� 1 � 1
2 Ì � p � x � Ωl � � p � x � Ωr � � dx �	� (6.1)

If theoverlapis 1 thentheclassvariableis independentof thefeaturexi. If there

is no overlap then the featurewould be a good discriminantbetweenthe two class

subsets.

This measurewould bea goodindicatorfor a featureselectionalgorithmwhose

taskwasto selectasetof featureswith gooddiscriminationproperties.Theimportant

issueis that the measureof discriminationis donebetweentwo setsof classes,and

thesetwo setsmight not representall the classesin the problem. Theremight be

someclasseswhoseinteractionwith thefeaturein questionis of no importance.This

matchestheclassdecompositionparadigmwherethemodelsarelearnton subsetsof

classes,andit is arguedin thenext sectionthatthisoverlapmetricis particularlyuseful

in determiningthefeaturesfor eachsubmodelof a classdecompositionclassifier.
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6.4 Applicability to many-classproblems

It hasbeenshown in Chapter4 thatadvantagescanbegainedby breakingdown many-

classproblemsof a set of k classes,Ω � ´ ωi ; i � 1 �
�	�	� � k µ , into a combinationof

binary problemsbetweentwo subsetsof classes,Ωl andΩr . The classsubsetsmay

both be single-elementsetswhereΩl � ´ ωi µ and Ωr � ´ ω j ; j Í� i µ . This leadsto

pairwisediscrimination.Or theclasssubsetsmaybechosensuchthatΩl � ´ ωi µ and

Ωr � ´ ω j ; Î j Í� i µ , this in turn leadsto thepopular1-of-n classification.Or alternative

Ω maybesplit by successivebinarypartitionsof theclassesthatleadto ahierarchical

classifier. This is discussedat lengthin Chapter4.

By whatever methodthe classesaresplit into left andright subsets,featurese-

lectionshouldbeperformedfor eachseparatebinarydecision.Theanalysisof class-

dependentfeaturesis concernedwith selectingdifferentfeaturesetsfor differentdeci-

sionsbetweensetsof classes.This is calledlocal featureselectionandis achievedvia

theoverlapmetricdefinedin theabove section.Section6.7describeshow this metric

maybeusedfor featureselection.

Althoughstudiedfor over threedecadesnow, theprocessof selectingtheoptimal

featuresetfrom a largesetof possiblefeatureshasproveda largely unsolvedproblem

dueto thecombinatorialexplosionof thenumberof possiblefeaturesubsetswhenthe

numberof featuresis large.Informationonclass-dependentfeaturescanaidthefeature

selectionprocessto guidethesearchfor theoptimumfeaturessetsin a many-feature,

many-classclassificationproblem.

Severalclassseparabilitymetricsarewell-known andusedastheobjective func-

tion in featureselection,however noneexplicity definethe setsof classesthat are

being discriminated. This information is of courseimplicit in the methodusedfor

featureselectionandpartof theproblemdefinitionwheneverfeatureselectionis being

performedfor any classificationproblem.Thedifferencehereis thatthechoiceof class

subsetsis beingstatedclearlyaspartof themetric.

6.5 Previouswork

Thereis little citablework usingthetermclass-dependentfeaturesexceptfor Oh,Lee,

andSuenof theDepartmentof ComputerScienceat theChonbuk NationalUniversity

in SouthKorea(Oh, Lee and Suen,1998; Oh, Lee and Suen,1999). The reader

is referredto Section3.8 for a discussionon other work relatedto class-dependent

features.
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The parallel work by Oh et al mirrors someof the work in this thesisand is

describedbelow. Thework presentedin Chapter7 extendsthework describedhereby

showing the effect of class-dependentfeaturesacrossthe setof classdecomposition

modelsdescribedin Chapter4.

A class-dependentfeatureis definedasa featurethathasdifferentmeritsto dif-

ferentclassesin termsof discriminatingpower. This is entirelyin accordancewith the

definition given in this thesis,however the more formal definition usingconditional

independenceis preferred.Thenotationhasbeenchangedfrom Oh’soriginalpaperto

fit thestandardstatisticalpatternclassificationnotationusedin this thesis.

Oh et al definemetricson the separabilityof classesandclasssubsetsgiven a

particularfeaturevectorx. Thesearedefinedbelow. A separationbetweentwo classes

is definedas:

Scc � ωi � ω j � x �K� Ì ¸¸ p � x � ωi � � p � x � ω j � ¸¸ dx � (6.2)

Thentheclassseparationfor agroupof classesis formulatedas:

Sg � Ω � x �Ï� ∑
ωi � Ω

∑
ω j � Ω Å j Ð³ i

Scc � ωi � ω j � x � � (6.3)

Similarly, the classseparationbetweena singleclassanda groupof classesis given

as:

Scg � ωi � Ω � x �K� ∑
ωk � Ω

Scc � ωi � ωk � x � � (6.4)

A non-parametrickernel-baseddensity estimatoris usedto evaluate p � x � ωi � .
Equation6.2representsthedegreeof overlapbetweenthetwo class-conditionalprob-

ability densitiesfor classesωi andω j .

The methodusedto selecta particularfeatureset to discriminateone classωi

from thesetof all otherclassesΩ � ´ ω j �UÎ j Í� i µ simply selectsthesetof n features

with thehighestvaluesof Scg � ωi � Ω � x � wherex � � xk � for eachsinglekth feature.

A modularneuralnetwork is usedto performthe k-classclassificationusinga

setof k multi-layerperceptrons,Mi � i � 1 �
�	�	�
� k. EachMLP, is trainedusingthespe-

cific featureset selectedfor the classωi . The outputsfor the ith model � Oi1 � Oi2 �
are trainedto distinguishbetweenpositivesampleswhich belongto classωi where� Oi1 � Oi2 �Ñ� � 1 � 0 � 0 � 0� , andnegativesampleswhich belongto any of theotherclasses



CHAPTER6. CLASS-DEPENDENTFEATURES 114

trainingset testset

CGD 98.92 95.10

DDD 98.97 97.30

class-common 99.42 97.60

class-dependent 99.47 97.85

Table 6.1: Comparisonof recognitionratesfor CENPARMI databasefrom Oh,LeeandSuen
(1999)

trainingset BStestset goodBS testset

CGD 99.52 96.50 98.15

DDD 99.49 96.55 98.42

class-common 99.68 96.98 98.59

class-dependent 99.71 97.27 98.73

Table 6.2: Comparisonof recognitionratesfor CEDAR databasefrom Oh, Lee and Suen
(1999)

in Ωi � ´ ω j �UÎ j Í� i µ where � Oi1 � Oi2 �Ñ� � 0 � 0 � 1 � 0� . Thefinal outputof eachclassifier

is thedifferenceyi � Oi1 � Oi2. Thefinal classis chosenasωi for themodelwith the

greatestoutputyi .

In actualfact the modelsMi cansimply be usedto output the posteriorproba-

bility of classωi given the input vectorxi , P � ωi � xi � , and the classwith the greatest

posteriorprobabilitychosen.This is dueto thefactthatanMLP correctlytrainedwill

approximate(Bishop,1995)Oi1 andOi2 asP � ωi � xi � andP � Ωi � xi � respectively, where

Ωi � ´ ω j �UÎ j Í� i µ .
SinceP � ωi � xi ��� 1 � P � Ωi � xi � , thenyi asabove reducessimply to 2P � ωi � xi � � 1

which is proportionalto P � ωi � xi � .
Theresultsshow thatasmallbut significantincreasein classificationperformance

canbeachievedonahandwrittendigit dataset(10classes)whenusingclass-dependent

features.This is shown in Tables6.1and6.2replicatedfrom Oh,LeeandSuen(1999).

In thesetables,CGDrefersto theuseof Contour-basedGradientDistribution features

whicharerepresentedby afeaturevectorof 256realvaluesthatarederivedfrom edge

detectiongradientsin eachimage.DDD refersto theuseof DirectionalDistanceDis-

tribution featureswhicharerepresentedby avectorof 256realvalueswhichrepresent

distancesbetweenpixels in the image. Detailsof thesealgorithmscanbe found in
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(Srikantan,Lam andSrihari,1996;Oh, LeeandSuen,1998). Theresultsin therows

labelledclass-commongive theclassificationrateswhenselectingthesamecommon

256 featuresfrom the 512 combinedCGD and DDD featuresfor eachclass. The

resultsin therowslabelledclass-dependentgivetheclassificationrateswhenselecting

differentsetsof 256 featuresfor eachof the 10 classes.The CENPARMI database

is a datasetof handwrittendigits which consistsof 4000training samplesand2000

testsamples.The CEDAR databseconsistsagainof handwrittendigits with 18,468

training samplesand2,711testsamplesin the BS testsetand2213testsamplesin

thegoodBs testset. ThegoodBS testsetwasconstructedusingthewell-segmented

samplesfrom theBSdataset(Oh,LeeandSuen,1999).An consistentimprovementis

shown whenusingclass-dependentfeatures.

This work is extendedin this thesisby consideringlocal featureselectionfor the

setof classdecompositionmodels. The modularneuralnetwork usedin Oh’s work

is anexampleof theone-of-n classdecompositionclassifier, andresultsareshown in

Chapter7 that show the sameresultscanbe obtainedfor pairwiseandhierarchical

decompositions.In Oh’s work half of the available featuresare selected,wherein

Chapter7, resultsareshown whenvarying the fraction of featuresselected,for both

linearandnon-linearmodelsto show thatthis trendis consistentacrossall modelsand

fractionsof featuresselected.

It is interestingto notea very early paper(Swain andHauska,1977) suggests

a manualmethodfor selectingclass-dependentfeatures(althoughnot by that name)

via a ‘coincidentspectralplot’, which plots for eachfeaturethe rangesof valuesfor

eachclass. In this casethe featuresaredefinedasspecificrangesin a spectralband

of satellitesignals.Fromthis diagramit caneasilybeseenthatfor particularfeatures

andsomesubsetsof classesthereis little or no overlapin featurespace,showing that

thatfeaturewould bea gooddiscriminantfor thoseparticularclasses.This is in facta

visualinterpretationof theseparationmeasuresgivenin thesectionabove.

6.6 Consequencesfor classifierdesign

Oneimportantconsequenceof usingclass-dependentfeaturesis thatwhendescribinga

classbyasetof features,onenolongerneedsto restrictthechoiceto featuresrealisable

for all classes. In fact it would be more advantageousto actively choosefeatures

thatrepresentmostspecificallythatclasswithout concernfor theapplicabilityof that

featureto the otherclasses.In this way, the class-dependentfeatureswill be a more

accuraterepresentationof eachclass.
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This could have an impactfor classifierdesignandthe choiceof measurements

taken, and the choiceof featuresextracted. If certainfeaturesareexpectedto have

discriminatoryinformation for only a subsetof classesby design,then this can be

reflectedin the choiceof featuresfor specificsubmodelsin a classdecomposition

classifier. This informationwill aid the featureselectionfor eachsubmodel.When

usingthehierarchicalclassifier, thereis flexibility in thechoiceof theclasshierarchy,

andthis could alsoreflectany groupingof classesby commonpropertieswhich are

known apriori at thedesignstage.

The fundamentalissueis thatsinceeachclassis representedasa wholeconcept

for all of theclassdecompositionclassifiers,andthesetof classesis manipulatedwith

this in mind, then the classifiersare more interpretable.The relationshipsbetween

featuresandclassescanbe expressedby theclassifier, andthis propertycanbe used

to either aid the designthrough prior knowledge, or aid the understandingof the

problemby interpretingan automaticallydesignedclassifier. This automaticdesign

processinvolves featureselectionat eachsubmodel,called local feature selection,

beforeadaptingtheparametersof theeachfinal submodel.Theis discussedin thenext

sectionandcontrastedwith the alternative methodof global feature selectionwhere

eachsubmodelusesthesamefeatureset.

6.7 Global and local featureselection

In thehistoryof patternclassificationandfeatureselectionit hasmoreoftenbeenthe

casethata setof featuresis selectedfor theproblemin general,andthereis seldoma

formalismfor selectingfeaturesfor decompositionsof the problem. However, given

thedecompositionof thesetof classesasdescribedin Chapter4, it is straightforward

to applyfeatureselectionto thesubproblemswithin eachmodelin thedecomposition,

regardlessof thedecompositionchosen.

The distinction is madeherebetweenglobal featureselection,wherebythe set

of featuresis selectedfor the whole problem,and eachsubmodelsharesthe same

featureset,andlocal featureselectionwherea separatefeaturesetis selectedfor each

submodelindependentlyof all othersubmodels.

If thecostof evaluatingfeaturesis high thenthehierarchicalclassifieris partic-

ularly useful whenusedwith computationalcut-off sincefor all but the ambiguous

classificationqueries,very few featureswill have to beevaluated(seeSection4.10.2).

A typicalapplicationwouldbeautomatictargetrecognition(Dodd,Bailey andHarris,

1998;Harris,Bailey andDodd,1998).
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It is expectedthat for a fixed size of featureset, that if featureswere selected

locally for eachmodel in any of the classdecompositionsthen this would result in

a higherclassificationrate thanselectinga single featuresetof the samesize to be

usedglobally for all models. However the classificationsystemusing local feature

selectionwill effectively be usingmorefeaturesoverall thanthe systemwith global

featureselection.If thepurposewasto reducethenumberof featuresto beevaluated

dueto a high costof featureevaluationthenit would seemtherewould beno gain in

usinglocal featureselection.

However this is not thecaseif notall themodelsin theclassdecompositionneed

to be evaluated. Computationalcut-off hasalreadybeendiscussedfor hierarchical

andpairwisedecompositionsin Chapter4. In thecaseof hierarchicaldecomposition

all but the ambiguouspoints can be classifiedusing a minimal set of nodesin the

decomposition.This meansthat thenumberof featuresevaluatedfor themajority of

points will be minimised. This is in contrastto the one-of-n decompositionwhere

all k modelsmustbe evaluated.For the hierarchicalcase,assuminga balancedtree,

only log2k modelsmustbeevaluated.This is a considerablesaving on thenumberof

featuresevaluatedfor eachpoint.

Featureselectionalgorithmstend to be greedyforward searchesor backwards

eliminations,or a combinationof both (Jain and Zonker (1997) and Dashand Liu

(1997)review featureselectionalgorithms).A metricneedsto bedefinedthatorders

thefeaturesin termsof theexpecteddiscriminationability for theclassificationprob-

lem. The metric may apply to singlefeaturesat a time or a combinationof features

wherebycorrelationsbetweenfeaturesaretaken into account,andnot just thecorre-

lation betweenthe featureandthe classlabel. For class-dependentfeatureselection

the metric needsto be conditionedon a specificsubsetof the classes.The overlap

metric definedin Section6.3 is suitablefor this purpose,althoughfeatureto feature

correlationsarenot measured.A selectionalgorithmneedsto bechosenthatselectsa

suitablesubsetof featuresgivenaspecificclasssubset.If therearemany featuresthen

thenumberof possiblefeaturesetsis prohibitively largefor anexhaustivesearch,soa

practicalsolutionis to simplyorderthefeaturesusingthedefinedmetricandselectthe

p bestfeatures.This is the techniqueusedin theChapter7 for both local andglobal

featureselection.



CHAPTER6. CLASS-DEPENDENTFEATURES 118

6.8 Summary

In this chaptertheconceptof class-dependentfeatureshasbeenformally definedand

motivatedfrom examplesof real-world data. It is expectedthat in problemsof many

classesandmany featuresthat not all featureswill be gooddiscriminantsfor all the

classes.This is expressedby theconceptof conditionalindependenceof thepredicted

classlabel and the feature,given a subsetof classesto choosefrom. A metric can

becalculatedvia theoverlapof theclass-conditionaldensitiesfor eachfeaturefor the

classesin thesubset.Featurescanbeselectedfor thesubmodelsin a classdecompo-

sition classifierusingthis metric,with thepurposeof reducingthenumberof features

for eachsubmodel.

This is a novel approach,althoughtherehasbeenwork in parallel that mirrors

someof thework presentedhere(Oh,LeeandSuen,1999).Thedevelopmentof mul-

ticategoryclassificationin conjunctionwith class-dependentfeaturesis important.The

useof class-dependentfeaturesto selectfeaturesetsfor submodelsin a combination

of 2-classclassifiersis studiedin this thesisfor severaldifferentclassdecomposition

paradigms.This furtherdevelopsthework in (Oh, LeeandSuen,1999),whereonly

theone-of-n paradigmis explored.

Theseissuesare explored in practiseby consideringa handwrittenrecognition

problem. This is describedin Chapter7 whereexperimentsusingrealandsimulated

dataaredetailed.



Chapter 7

Analysis of simulated and real-world

data

A numberof experimentswerecarriedout to evaluatethe effectivenessof the algo-

rithmspresentedin this thesis.Severalissuesareunderevaluationhereandthey are:� comparisonof one-of-n, pairwise, and hierarchicaldecompositionsfor many

classproblemsfor increasingnumbersof classes,� demonstrationof linearandnon-linearmodelsfor eachdecomposition,� comparisonof globalandlocal featureselectionfor eachdecomposition,� demonstrationof theperformanceof eachdecompositiononreal-world data,and� demonstrationthattheclasshierarchycanaid problemunderstanding.

To allow amplecontrol over the experimentsand to aid the understandingof

the performanceof eachalgorithm a numberof simulateddatasetsare usedin the

experiments. Peformanceis also measuredin experimentson real-world data. For

thehierarchicalclassifier, theclasshierarchywasfoundby agglomerativehierarchical

clusteringasdescribedin Section5.3.1or chosenrandomly.

All theexperimentswerecarriedout in software,andthefirst sectionof thischap-

terdescribesthedesignof thesoftwarethatwaswrittenspeciallyfor theexperiments.

7.1 Softwaredesign

Thedesignandimplementationof thesoftwareusedto generatethedecisionboundary

diagramsin Chapter4 and the experimentalresultsin this chapteris detailedhere.

119
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Thecodewasdevelopedusinganobject-orienteddesignmethodologyin C++. Class

diagramsare presentedusing the Unified Modelling Language(UML) which is an

industrystandardfor object-orientedmodellingdescriptions.This appendixpresents

anoutlineof thesoftwaredesignandis not intendedasa completedescriptionof the

sourcecode,somostof thedetailof thespecificclassmethodsandattributesis omitted

for clarity.

In all, over 18,000lines of original codewas written for the evaluationof the

resultsin this thesis.The programsusedwerecompiledusingthe g++ compilerand

ran underLinux, outputtingthe resultsto text andimagefiles. During the courseof

the PhD,andadditionalto the lines of codementionedabove, both X-Windows and

Microsoft Windows interfacesweredeveloped,but they arenot documentedhereas

they do notplayapartin thefinal results.

The object-orienteddesignplayeda significantrole in the developmentof the

theoryandvice-versa.Theobjecthierarchicalshown in Figure7.1hassimilaritiesto

theclassifiertaxonomyshown in Figure4.1. Throughimplementationof thedifferent

classificationalgorithms,thesimilaritiesanddifferencesof theone-of-n, pairwiseand

hierarchicalclassifiersarehighlighted.This is borneout in theobjecthierarchy.

7.1.1 The classifierobject hierarchy

The mostfundamentalconceptin the softwaredesignis the classifierandthis is re-

flectedin theimplementationby asetof C++classesderivedfrom thesingleClassifier

baseclass.Thebaseclassandits derivedclassesareshown in Figure7.1. Thebase

classdefinesthe attributesand methodsfor a genericclassifieras shown in Table

7.1. TheClassifier baseclasssuppliesvirtual methodsfor firstly initialising a binary

classifieror multiclassclassifier, andsecondlyfor trainingandclassification,andthese

areimplementedappropriatelyby theclassesthatinherit from thebaseclass.

The LinearDiscriminant , BayesClassifier, MLPClassifier, and Compound-

Classifier are all direct specialisationsof the Classifier baseclass. The OneOfN-

Classifier, PairwiseClassifier, andHierar chicalClassifier arespecialisationsof the

CompoundClassifierclass.This is dueto thecommonbehaviour of thesecompound

classifiers(in the restof the thesistheseare calledclassdecompositionclassifiers),

sincethey all definea list of Classifier objectswithin them.They differ in theinitiali-

sationprocedure,andin theclassificationprocedureusedto calculatethefinal posterior

vectors.This is reflectedby thefact thateachof thethreecompoundclassifiersneed

only definethe initialise_multiclass()andclassify()methods.The train() methodis

thesamefor all threeandinvolvessimply trainingthelist of classifiersthathavebeen
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Classifier

protected int n_features
protected VECTOR<int> features
protected List<int> left_classes
protected List<int> right_classes

public void initialise_multiclass(Dataset &data, VECTOR<int> features)
public void initialise_binary(Dataset &data, List<int> left, List<int> right, VECTOR<int> features)
public void train(Dataset &data)
public void classify(Dataset &data, MATRIX<double> &posteriors)

CompoundClassifier

protected int n_classifiers
protected List<Classifier> classifier_list

public void initialise_multiclass()
public void train()
public void classify()

OneOfNClassifier

public void initialise_multiclass()
public void classify()

PairwiseClassifier

public void initialise_multiclass()
public void classify()

HierarchicalClassifier

Tree hierarchy

public void initialise_multiclass()
public void classify()

LinearDiscriminant

protected VECTOR<double> parameters

public void initialise_binary()
public void train()
public void classify()

BayesClassifier

protected VECTOR<double> *mean
protected VECTOR<double> *covariance

public void initialise_binary()
public void train()
public void classify()

MLPClassifier

MLPNN *mlp

public void initialise_binary()
public void train()
public void classify()

1..*

Figure7.1: Theclassifierclassdiagram
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HierarchicalClassifier

Tree hierarchy

public void initialise_multiclass()
public void classify()
public void agglomerative_design()
public void divisive_design()

Tree

Node *root
Node *position

public void add_child()
public void add_sibling()
public void shift_branch()

Node

int id
double value
Node *child
Node *sibling

public void add_child()
public void add_sibling()

0..*

Figure7.2: Thehierarchicalclassifierclassdiagram

setup,andthis methodis suppliedby theCompoundClassifierbaseclass.

7.1.2 The hierarchical classifer

TheHierar chicalClassifierclassis a little morecomplicatedthantheothertwo com-

poundclassifierssinceit involvesthe implementationandmanipulationof the class

hierarchyusinga treedatastructure.Theseareimplementedvia the TreeandNode

classesas shown in Figure 7.2. The id attribute in the Node classassociatesthe

nodein thetreewith oneof thebinaryclassifiersdefinedin theCompoundClassifier

class. Extra methodsare includedin the Hierar chicalClassifier classto implement

algorithmsto designtheclasshierarchy.

7.1.3 The multi-lay er perceptron classifier

The MLPClassifier classis in fact a wrapperfor the MLPNN classkindly supplied

by Steve GunnandJasvinderKandola. Originally designedfor regressionproblems,

the codewas adaptedto model classificationproblemsand called from within the

MLPClassifier methods.TheMLPNN classusesa ScaledConjugateGradientclass

writtenby SteveGunnto adaptthemodelparameters.

7.1.4 Associatedclasses

Otherimportantstructuresaredescribedin thissection,mostnotablytheDatasetclass

which is usedto storeandmanipulatetheapplicationdatafor training andtestingof
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Attrib utes Description

features A vectorof integersthatdefinewhich

featuresfrom the datasetare to be

usedfor trainingandclassification

left_list A list of left classindicesfor binary

classifiers

right_list A list of right classindicesfor binary

classifiers

Methods Description

initialise_binary() Initialises classifierparametersprior

to training to solve a binary classifi-

cationproblem

initialise_multiclass() Initialises classifierparametersprior

to training to solve a multicategory

classificationproblem

train() Adapts the model to fit the training

data

classify() Outputsposteriorprobabilitiesfor the

testdata

nonparametric_feature_select() Selectsfeaturesfor theclassifier

global_nonparametric_feature_select()Selectsfeaturesglobally for theclas-

sifier

calculate_mse() Calculatesthe mean squarederror

from thedatasetandposteriors

calculate_classification_rate() Calculatestheclassificationratefrom

thedatasetandposteriors

output_confusion_matrix() Outputstheclassificationresultsfor a

trainedclassifieras a confusionma-

trix

draw_boundary_to_dmatrix() Draws decision boundary diagrams

for a trainedclassifier

Table7.1: Attributesandmethodsfor Classifierclass
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Classifier

protected int n_features
protected VECTOR<int> features
protected List<int> left_classes
protected List<int> right_classes

public void initialise_multiclass(Dataset &data, VECTOR<int> features)
public void initialise_binary(Dataset &data, List<int> left, List<int> right, VECTOR<int> features)
public void train(Dataset &data)
public void classify(Dataset &data, MATRIX<double> &posteriors)

Dataset

String *feature_labels
String *class_labels
double *data

public void create_train_and_test_datasets(Dataset &train, Dataset &test)
public void calculate_nonparamteric_overlap(List<int> left, List<int> right, int feature)
public void calculate_euclidean_distance(List<int> left, List<int> right)

ClassData

double determinant
VECTOR<double> mean
MATRIX<double> covariance

1..*

Figure 7.3: Thedatasetclassdiagram

theclassifiers.

An importantandfundamentalclassis theTensorclasswhich is usedto imple-

mentthe VECTOR andMATRIX datatypes. This hasbeenimplementedandrefined

over time by Steve Gunn. Vectorandmatrix operationsusedfrom this classarethe

additionandmultiplication of vectorsandmatrices,andthe determinantandinverse

operatorsonmatrices.

Otherutility classesimplementedwereList , andListPtr . While therearestan-

dardlibrariesfor this typeof class,at theoutsetit wasfelt thatfor portabilitybetween

compilerstheseclassesshouldbeimplementedspecificallyfor thePhDsoftware.With

theimplementationof theC++ StandardTemplateLibraries(STL) for mostcompilers

now, theSTL classeswouldbeusedfor futureprojects.

7.1.5 Summary

This sectionhasdescribedtheclassstructurefor thesoftwareusedto implementthe

algorithmsneededto perform the experimentsin this thesis. The remainderof the

chapterdescribestheexperimentsandtheresults,startingwith thegenerationof sim-

ulateddatasets.
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7.2 Simulateddatasets

Simulateddatasetshavebeenusedto confirmthetheorypresentedin Chapter4 regard-

ing the performanceof the threedecompositionsas the numberof classesincrease.

The useof simulateddatasetsis promotedas the complexity of the problemcanbe

controlledand the distributionsof the dataknown. This allows the experimentsto

investigateassumptionsof normallydistributedclasseswithout any unknown external

effects. Datasetsweregeneratedwith an increasingnumberof classes.Thesewere

thenclassifiedusingone-of-n, pairwise,andhierarchicaldecompositions.Two types

of datasetweregenerated,oneto show theperformanceof eachdecomposition,andthe

secondto show theeffect of featureselectionfor thehierarchicalmodelin particular.

7.2.1 Normally distrib uted classes

Thefirst of thetwo typesof simulateddatasetgeneratedis characterisedby normally

distributedclasses.Thepointsfor eachclassweregeneratedassuch;200pointswere

generatedfor eachclassaccordingto amultivariateGaussiandistribution. Thecovari-

ancematrix for eachGaussianwasfixedasσI whereI is theidentitymatrix. Themean

for eachGaussianwasgeneratedasauniformvectorin theunit hypercube,whichwas

fixedat 2 dimensions.Exampleplotsof typical datasetsgeneratedusingthis method

areshown in Figures4.5and4.6.

7.2.2 Best-casehierarchical datasets

A secondsetof datasetswasgeneratedto illustratetheeffect of featureselectionfor

thehierarchicalclassifier. To illustratetheexample,a datasetof threeinputsandfour

classesis used. The class-conditionaldistribution for eachinput is shown in Figure

7.4. The classesaregroupedsuchthat Ω1 ÒÔÓ C1 Õ C2 Ö andΩ2 ÒÔÓ C3 Õ C4 Ö . A sample

datasetin 3 dimensionsfrom this distribution is shown in Figure7.5. Although this

typeof datasetis particularlycontrived,it doesillustratethebest-casescenariofor the

hierarchicalclassifier.

7.3 Comparionsof algorithms on simulated data

Datasetsweregeneratedasdescribedin Section7.2.1. The varianceσ wasdefined

suchthat therewas little overlapbetweenpointsof differentclasses.Four typesof

classifierwerecompared,namelythe one-of-n classifier, the pairwiseclassifier, and
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Figure7.4: Probabilitydistributionsfor threeinputsandfour classes
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Figure 7.5: Exampleof a simulateddatasetwith four classesgeneratedsuchthat subsetsof
classescanbediscriminatedusingasingleinput variable
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the hierarchicalclassifierusingboth a randomclasshierarchy, anda classhierarchy

foundusingtheagglomerativeclusteringprocedureusinganEuclideandistancemetric

as describedin Section5.3.1. The form of the submodelsusedwithin eachof the

above classdecompositionswasalso varied. Firstly the classificationratesusing a

logistic lineardiscriminantareshown in Figure7.6. Secondlytheclassificationrates

usingamulti-layerperceptronareshown in Figure7.7. Thirdly theclassificationrates

usinga Bayesplug-in classifierusingGaussianclass-conditionaldensityestimation

(seeSection2.6)areshown in Figure7.8.

Themulti-layerperceptronseachhadonehiddenlayerof 5 nodesandwerebatch

trainedusingscaledconjugategradientswith amaximumof 400trainingcycles.They

werefirst initialisedusingtheclassmeansfor the left andright classsets(eachMLP

submodelis always a 2-classclassifier). Weight decayregularisationwas usedto

controloverfitting.

Generalisationclassificationrateswerecollectedby splittingthedatasetsinto 100

trainingpointsand100testingpoints,andclassifyingthetrainedmodelsontheunseen

testingpoints. The numberof classeswasvariedbetween2 and32 classesandthe

wholeprocesswasrepeated10timesandaveragedfor eachpointonthegraph.Graphs

aregivenfor theaverageclassificationrateandalsofor thestatisticalvarianceof the

classificationrateasan indicationof thestatisticalsignificanceof the results.This is

preferredovertheuseof errorbarsasthegraphswouldbetooclutteredusingerrorbar

plots.Thestatisticalvarianceof theclassificationrateshouldnotbeconfusedwith the

conceptof modelvariancewhich is anindicationof theflexibility of amodel.

7.3.1 Assumptionsmadeand assumptionsbroken

Thelogistic lineardiscriminantclassifiershavetheunderlyingassumptionthatthetwo

classesbeingdiscriminatedhave Gaussiandistributionswith equalsphericalcovari-

ancematrices(seeSection2.7). Using the simulateddata,this is the casefor each

individualclass,but it mustberememberedthatdiscriminationis beingdonebetween

classsubsetsthat aresuperpositionsof sphericalGaussians.In the hierarchicaland

one-of-n casestheassumptionsfor lineardiscriminationarebeingbroken. In thecase

whereeachclassis assumedto benormallydistributed,usingaBayesplug-inclassifier

with Gaussiandistributions,noassumptionsarebeingbrokenfor thepairwiseandone-

of-n classifiers.Thehierarchicalclassifieris expectedto performlesswell dueto the

Gaussianassumptionsbeingbroken. This is readily explainedin Section4.7.1. The

MLP makesnoexplicit assumptionsontheform of theclass-conditionaldistributions,

but its flexibility is affectedby thenumberof hiddennodes.
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Figure7.6: (a)Averageclassificationratesover10runsfor linearsubmodelson2-dimensional
Gaussiandatadistributions. Theone-of-n classifieris shown to performbadlywhile thehier-
archicalandpairwiseclassifiersclassifiersshow consistentlygoodresults.Evenwhenusinga
randomclasshierarchythehierarchicalclassifieroutperformstheone-of-n decomposition.(b)
Varianceof theclassificationrates.
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Figure7.7: (a)Averageclassificationratesover10runsfor MLP submodelson2-dimensional
Gaussiandatadistributions. The classifiersall show good performance,however a clearly
indentifiedorderingis shown asthenumberof classesincrease,showing thehierarchicaland
pairwiseclassifiersareconsistentlymoreaccurate.(b) Varianceof theclassificationrates.
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Figure7.8: (a)Averageclassificationratesfor Gaussiansubmodelson2-dimensionalGaussian
datadistributions. The pairwiseand one-of-n classifiersshow equivalent resultswhile the
hierarchicalclassifierconsiderably. This is explainedby thefactthattheone-fo-nandpairwise
classifiersarenot breakingany underlyingassumptionsandusethe correctdensitymodels.
At eachnodetheheirarchicalclassifieris approximatinga mixtureof Gaussianswith a single
Gaussiandensitymodel.(b) Varianceof theclassificationrates.
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7.3.2 Results

The graphsshown trendsasexpected. For two classes,all threemodelshave equal

performance,andasthenumberof classesincreasetheperformanceinevitably drops

for all modelsastheclassesoverlapandbecomeinseparable.

Whenusinglogistic linear discriminantsasthe form of the submodelsfor each

classdecomposition(seeFigure7.6a)thehierarchicalandpairwiseclassifiersperform

well. Theclassificationrateis closeto 1.0 andhardlydecreasesfor largenumbersof

classes.This is in theorderof theoptimumperformancefor theparticularsimulated

datasets.However theperformanceof theone-of-n modeldegradesdrasticallyasthe

numberof classesincreases.This is aspredictedsincethe one-of-n classifieris less

likely to beableto separatemany of thedatasetsseparableby thehierarchicalclassifier.

Eventhehierarchicalclassifierusingarandomtreeoutperformstheone-of-n classifier.

Thevarianceof theclassificationratesover the10 iterations(seeFigure7.6b)is small

showing that the averageclassificationratesshown are a good estimateof the true

averageclassificationrate. Thestatisticalvarianceof the resultsfor theone-of-n and

randomhierarchyare higher, showing that they are lessapt to finding a consistent

solutionto theproblem.

WhenusingMLPs asthe submodelsfor eachclassdecomposition,all the clas-

sifiers perform well (over 0.9 classificationrate for all but the greatestnumberof

classes,seeFigure7.7a). However a distinct orderingin the performanceis shown.

Thehierarchicalclassifierusingagglomerativeclusteringconsistentlyoutperformsthe

pairwiseclassifierwhich outperformstheone-of-n classifierwhich againoutperforms

therandomhierarchicalclassifier. This trendis alsoreflectedin thestatisticalvariance

of the classificationrate(seeFigure7.7b)wherethe varianceis small for the hierar-

chicalandpairwiseclassifiersbut increasesfor theone-of-n andrandomhierarchical

classifiersrespectively.

The processbehindthis orderingmay be explainedboth by the complexity of

the subproblemsin eachclassdecompositionclassifierand by the methodusedto

train theMLPs. As arguedin Chapter4, theone-of-n classifierintroducescomplexity

into a multicategory classificationproblemthat increaseswith thenumberof classes.

Although the MLP canrepresentproblemsof varyingdegressof complexity, it does

have a limit to thecomplexity it canmodelwhich is definedby thenumberof hidden

nodes.Thustheone-of-n classifieris expectedto suffer usingfixedcomplexity models

for anincreasingnumberof classes.Thepairwiseclassifierhasconstantcomplexity for

anincreasingnumberof classes,andthehierarchicalclassifiercontrolsthecomplexity

by usingtheagglomerative clusteringprocedure.This explainsthepoorperformance
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by theone-of-n classifierandtherandomhierarchicalclassifier. Thepairwiseclassifier

mightbesuffering from over-fitting dueto theovercomplexity offeredby the5 hidden

nodes.Thismight explainwhy thehierarchicalclassifierperformsthebestof all.

Thetrainingmethodmayhave aneffect sincethe initialisation is doneusingthe

meansof the left andright classsets. Thenscaledconjugategradientswasusedfor

a fixed numberof iterationsto adaptthe initial parametersto the data. This method

couldbesaidto favour thehierarchical(usingagglomerative clustering)andpairwise

classifierssincethe initialisationof theweightsis moreappropriatefor thesemodels.

The initialisation might not favour theone-of-n or randomhierarchicalclassifier, but

thealternative is a randominitialisationwhichaidsnoneof themodels.

In the Gaussiancase,the graphagainmatchesthe theoryperfectlyasshown in

Figure7.8a.Thepairwiseandone-of-n classifiershave thesameperformance,shown

to beequivalentin theory, andthehierarchicalclassifierperformsworseaspredicted.

Again,thehierarchicalclassifierwouldalsobeequivalentif aGaussianmixturemodel

was used. It should be noted that the performanceachieved by the one-of-n and

pairwiseclassifiersis optimal for the problemwherethe classpoints are normally

distributed.Thestatisticalvarianceof thetheclassificationrateis shown in Figure7.8b

andthis shows that the pairwiseandone-of-n classifiersshow muchmoreconsistent

resultsthanthehierarchicalmodels,asexpected.

7.4 Training complexity for eachdecomposition

Although the resultsin the previous sectionshow that the pairwiseand hierarchi-

cal classifierstendto outperformthe one-of-n classifierfor an increasingnumberof

classes,in practiseit is usually the casethat the problemsize is fixed andthe most

importantissueis the complexity of training eachclassifier. This sectiondescribes

anexperimentto evaluatethetrainingcomplexity of eachdecompositionclassifierin

termsof thenumberof trainingcyclesneededwhenusingMLP submodels.TheMLPs

aretrainedasin theprevioussection,but thenumberof classesis fixedat 20 andthe

numberof trainingcyclesis variedfrom 0 to 280.

The MLP submodelswere initialised at first with randomparameters,andsec-

ondlyusingtheparametersfrom a lineardiscriminantwhichhasbeeninitialisedusing

the meansof the left andright classsubsetsfor eachsubmodel(seeSection4.11for

details).Theresultsareshown in Figures7.9and7.10.

It canbeseenthatfor MLPswith randomlyinitialisedweightsthattheclassifica-

tion ratesareverylow for 0 trainingcyclesasexpected,andincreasedramaticallywith
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Figure 7.9: (a) Averageclassificationratesfor MLP submodelson 2-dimensionalGaussian
datadistributionson 20 classes.Thenumberof trainingcycleswasvaried.TheMLP parame-
terswereinitialisedrandomly. (b) Varianceof theclassificationrates.
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Figure 7.10: (a) Averageclassificationratesfor MLP submodelson 2-dimensionalGaussian
datadistributions on 20 classes.The numberof training cycles was varied. The MLP pa-
rameterswereinitialised usinglinear discriminantmodels. (b) Varianceof the classification
rates.
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more training cycles. The classificationrateslevel off at their peakvaluesfor large

numbersof trainingcycles.In thecasefor MLPs initialisedfrom lineardiscriminants,

a differentpicturecanbeseen,wherethehierarchicalandpairwiseclassifiershave a

betterclassificationratewith 0 cyclesdueto theinitialisation,however, after50 or so

trainingcyclesthereis little advatangegainedfrom usingthis typeof initialisation. It

is importantto notehowever that the hierarchicalclassifierconsistentlygivesrise to

the bestclassificationrate, followed by the pairwiseclassifierandthenthe one-of-n

classifier. The next simulatedexperimentshows that the hierarchicalclassifierhasa

goodpotentialfor betterclassificationrateusingfeatureselection.

7.5 Featureselectionon k-classproblems

It hasbeenshown in Section4.7.1thatwhenusinglineardiscriminantsthehierarchical

decompositioncanrepresentagreaternumberof problemsandthereforeperformbet-

teron datasetswith increasingnumbersof classes.However it maybethecasethatas

well asmany classes,thereexist many possibleinputsto a problem,andusingall the

featuresis not alwaysdesirable,asshown by Hughes’phenomenon(Hughes,1968).

It will be shown that usinga hierarchicalclassifierin sucha caseallows modelsof

lowerdimensionto beusedwhereeachmodelusesasmall,but differentfeatureset,as

opposedto aone-of-n decompositionthatusuallyresultsin eachmodelusingthesame

featureset.

Datawasgeneratedasdescribedin Section7.2.2above. Eachdatasetwasclassi-

fied usinga Bayesplug-in classifierwith Gaussiandistributions,andlinearclassifiers

usingboth theone-of-n andhierarchicaldecompositions.Featureselectionwasused

on eachof the linear modelsin the hierarchicaldecompositionto selectone good

discriminantfeatureif possible,andif not to selectall thefeatures.

In this casethe averagenumberof featuresfor eachmodelof the hierarchyis

considerablylessthanboththeone-of-n classifierandtheBayesclassifier, whichhave

to useall the featuresall the time. The hierarchicalclassifiercantake advantageof

the fact that thereis onediscriminative featurethatwill separatetwo classsubsets,if

chosenproperly. Thiseffect is shown clearlyin Figure7.11.

It shouldbenotedthat theclasshierarchy, foundusinganagglomerative design

procedure,doesnot alwaysproducethecorrectdivisionsto allow thesinglediscrimi-

nativefeatureto beused.In thiscaseall thefeaturesareusedfor theerrantnodein the

hierarchy, thusnot degradingclassificationperformancethoughnot benefittingfrom

theeffectsof featureselection.Nevertheless,theaveragenumberof featurespernode
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Figure7.11: Classificationrateusinglinearsubmodelsandfeatureselection.Theone-of-n and
hierarchicalclassifiersselecteitheroneor all featuresfor eachsubmodel.TheBayesclassifier
is usedasabenchmarkusingall thefeatures.

is still muchlowerthantheotheralgorithms,resultingin aconsiderablybetteraverage

classificationperformance.

This is an importantresultwhich lies at theheartof themotivationfor thehier-

archicalclassifier. The aim is to reducethe averagenumberof featuresper nodein

problemsof many classesin high dimensions.The analysison simulateddatasetsin

this chaptershows that thenecessarytrendsin performancecanbe shown for a hier-

archicalclassifierto performwell undertheseconditions. In thenext sectionsimilar

resultsareshown for all threedecompositionsusingreal-world data.

7.6 Real-world data

Although the simulateddatasetsin the previous sectionare useful in demonstrat-

ing propertiesof the differentdecompositionmethods,resultson real-world dataare

neededto giveamorereasonableempiricalevaluation.Thedatasetsusedto investigate

the relatedperformanceof eachalgorithmare the MNIST andMFEAT handwriting

recognitiondatasetsdescribedbelow. To illustratetheaddedunderstandingprovided

by thehierarchicalclassifiertheFLIERSdatasetis used.
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Automatichandwritingrecognitionhasbeena challengingtopic sincethe intro-

ductionof digital computersin the50’s. Todayit is awell establishedfield with many

successfulapplications(PlamondonandSrihari, 2000). The interestin handwriting

recognitionin this thesisis for thepurposeof demonstratingthetechniquespresented

in thepreviouschapters.

Handwritingrecognitionis categorisedby thenatureof theinput andtheform of

thehandwritingto berecognised.Theinput methodmaybeon-line, or off-line. In the

on-line casethe handwritingis input usinga electronicpointing device on an active

surface,suchasliquid crystaldisplaywhich electronicallymimicstheink from apen.

A seriesof 2-dimensionaldatapointsarecollectedasa time-seriesasthe electronic

penmoves. In the off-line case,no time-orderinginformation is availablesincethe

handwrittenscript is written to paperusingtraditionalpenor pencilandthendigitally

scannedto producea raster-image.

Thenatureof thescriptmaybefree-flowing cursive script,or separatelyprinted

characters.Thenatureof therecognitionmaybeat thelevel of individual characters,

or words,or evenrecognitionof thetypeof script(e.g. latin or arabic),or theidentity

of thewriter.

In this thesisoff-line handprintedcharacterrecognitionhasbeenchosenfor the

following reasons:× It is a sufficiently hard,yet well researchedarea,suitablefor thedemonstration

of techniquesin this thesis.× Theavailability of standarddatasetsfor comparisonwith otherwork.

Therearealsotwo generalapproachesto handwritingrecognition,namelysta-

tistical andstructural methods.The statisticalmethodsusethe low-level pixel data

andstatisticsderivedfrom theseasfeaturesfor classification(PlamondonandSrihari,

2000). Little prior knowledgeis incorporated,but featureextractorshave known in-

variancepropertiesthatmaybeusefulto know in advance.Thestructuralmethodson

theotherhanduseprior knowledgeto extract informationon high-level featuressuch

aslinesandloopsin theimage(Marcelli, Likhareva andPavlidis, 1997).Much effort

goesinto the designof the featureextractor, but with the advantagethat the features

arerelatedto meaningfulconceptsin theproblemdomain.

Thestatisticalapproachis by far themorepopularapproachusedin handwriting

recognitionat present.Structuralapproachestendto suffer from theadditionaleffort

to design,implementandfine-tunemany application-specificfeatureextractors,and

from theproblemof robustnessfrom noise. For thesereasons,anddueto their open
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availability ontheinternet,eithertheraw dataor non-structuralfeaturesetsareusedin

this thesis.

7.6.1 MNist handprinted digit data

The first dataset is the modified NIST dataset, constructed by Yann Le-

Cun at AT&T labs. This was created from a larger dataset compiled

by NIST. The dataset is available at the following internet web address:

http://www.research.att.com/~yann/ocr/mnist/. Example digits

from thedatasetareshown in Figure7.12.

The modificationsthat were madeto the original NIST databasearedescribed

below, thesedetailsaretakenfrom theaboveweb-address.

“The original blackandwhite (bilevel) imagesfrom NIST weresizenormalized

to fit in a 20x20pixel box while preservingtheir aspectratio. The resultingimages

containgrey levelsasa resultof theanti-aliasingtechniqueusedby thenormalization

algorithm. The imageswerecenteredin a 28x28imageby computingthe centerof

massof thepixels,andtranslatingtheimagesoasto positionthispointat thecenterof

the28x28field.

“The MNIST databasewasconstructedfrom NIST’sSpecialDatabase3 andSpe-

cial Database1 which containbinary imagesof handwrittendigits. NIST originally

designatedSD-3 as their training set and SD-1 as their test set. However, SD-3 is

muchcleanerandeasierto recognizethanSD-1. Thereasonfor this canbefoundon

the fact that SD-3 wascollectedamongCensusBureauemployees,while SD-1 was

collectedamonghigh-schoolstudents.Drawing sensibleconclusionsfrom learning

experimentsrequiresthat the resultbe independentof the choiceof training setand

testamongthe completesetof samples.Thereforeit wasnecessaryto build a new

databaseby mixing NIST’sdatasets.

“The MNIST trainingsetis composedof 30,000patternsfrom SD-3and30,000

patternsfrom SD-1. Our test set was composedof 5,000patternsfrom SD-3 and

5,000patternsfrom SD-1. The 60,000patterntraining setcontainedexamplesfrom

approximately250 writers. The setsof writers of the training set and test set are

disjoint.”

Usingaone-of-n, hierarchicalandpairwiseclassifierwith linearnodestheclassi-

ficationresultswereachievedby trainingon thefirst 20000trainingpointsandtesting

on all 10000testpoints.

Theseresults,given in table7.2, usingcombinationsof linear classifierson the

raw data,andwithout theuseof prior knowledgespecificto handwritingrecognition,
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Figure 7.12: Examplesof handwrittendigits (MNIST dataset)

Trainingdata Testdata % TestError

One-of-n 0.90815 0.9031 9.69

Pairwise 0.9409 0.9245 7.55

Hierarchical 0.9164 0.9051 9.49

Table7.2: Classificationratesfor classifieron raw MNIST data
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correlatewith the resultspublishedon the ImageProcessingResearchDepartment

websiteat AT&T which arerepeatedherefor conveniencein Table7.3.

It mustbe stressedthat the algorithmsin this thesisarenot competingwith the

error ratesgiven in this table. The tableis merelyintendedasa guidelinefor results

given,wherethey arecomparable(i.e. linearmodelscomparedwith linearmodels).No

deskewing techniques(whereslanteddigits aresetupright), or distortiontechniques

(thedistortionsarerandomcombinationsof shifts,scaling,skewing,andcompression)

areusedto improvetheclassificationperformance.It is fair to comparetheerrorrates

for the 2-layerNeuralNetworks (NNs), sincethe linear modelsarenot muchworse

thanmany of these.In addition,thecomplexity of a NN with 1000hiddenunits is a

veryunwieldymodelto haveto trainandshedslittle interpretationontheproblem.The

authorfeelsthatthetechniquespresentedin this thesisaremuchmoreinterpretablefor

a multi-classproblemthanusingsucha largesinglemodel. TheLeNetquotedin the

tableis a modelspecificallydesignedfor handwrittencharacterrecognitionthatuses

edgefilters andsmoothingoperatorsdevelopedby thegroupthatcreatedthedataset.

7.6.2 Comparisonof local and global featureselection

To assesstheimpactof localandglobalfeatureselectionthefollowing experimentwas

conductedusingtheraw MNIST data.

Again 20000training pointsand10000testpointsweretaken,andfor eachde-

composition,theclassifierwastrainedusingaselectionof p features,bothgloballyand

locally. ThefractionpØ n wasvariedwheren is thetotalnumberof features(in thiscase

n is 400sinceweareworkingwith a20by 20pixel image).Featureswereselectedby

choosingthebestp featuresaccordingto theclass-dependentoverlapmetricgivenin

Section6.3.Theresultsarepresentedin Figures7.13,7.14,7.15,and7.16.

It canbe clearlyseenthat, for eachdecomposition,usinglocal featureselection

resultsin higherclassificationratesfor a smallernumberof featuresselectedpersub-

model.Whenusingall thefeaturesthelocalandglobalparadigmsbecomeequivalent,

which is shown in theseresults. Sincelinear modelstend to suffer very little from

overfittingtheclassificationrateincreaseswith thenumberof featuresused.However,

thereareadvantagesof usingmodelswith fewer featuresasidesfrom the reduction

of overfitting sincemodelsof fewer featuresaresimpler, quicker to train andthecost

associatedwith evaluatingthefeaturesis lower.

Whencomparingthethreedecompositionsusinglocal featureselectionin Figure

7.16 it is shown that the one-of-n classifierconsistentlyhasthe lowestclassification

ratewhenusinglinearmodels.
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METHOD TESTERROR RATE (%)

linearclassifier(1-layerNN) 12.0

linearclassifier(1-layerNN) [deskewing] 8.4

pairwiselinearclassifier 7.6

K-nearest-neighbors,Euclidean 5.0

K-nearest-neighbors,Euclidean,deskewed 2.4

40PCA + quadraticclassifier 3.3

1000RBF+ linearclassifier 3.6

K-NN, TangentDistance,16x16 1.1

SVM deg 4 polynomial 1.1

ReducedSetSVM deg 5 polynomial 1.0

Virtual SVM deg 9 poly [distortions] 0.8

2-layerNN, 300hiddenunits 4.7

2-layerNN, 300HU, [distortions] 3.6

2-layerNN, 300HU, [deskewing] 1.6

2-layerNN, 1000hiddenunits 4.5

2-layerNN, 1000HU, [distortions] 3.8

3-layerNN, 300+100hiddenunits 3.05

3-layerNN, 300+100HU [distortions] 2.5

3-layerNN, 500+150hiddenunits 2.95

3-layerNN, 500+150HU [distortions] 2.45

LeNet-1[with 16x16input] 1.7

LeNet-4 1.1

LeNet-4with K-NN insteadof lastlayer 1.1

LeNet-4with local learninginsteadof ll 1.1

LeNet-5,[no distortions] 0.95

LeNet-5,[hugedistortions] 0.85

LeNet-5,[distortions] 0.8

BoostedLeNet-4,[distortions] 0.7

Table7.3: ReportedperformanceusingMNIST dataset
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Figure7.13: Classificationrateusingglobalandlocal featureselectionusinglinearsubmodels
with aone-of-n classifieron theMNIST data
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Figure7.14: Classificationrateusingglobalandlocal featureselectionusinglinearsubmodels
with ahierarchicalclassifieron theMNIST data
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Figure7.15: Classificationrateusingglobalandlocal featureselectionusinglinearsubmodels
with apairwiseclassifieron theMNIST data
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Figure7.16: Classificationrateusinglocalfeatureselectionfor all decompositionsusinglinear
submodelson theMNIST data
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7.7 The MFEAT dataset

TheMFEAT datasetis againahandwrittendigit recognitiondataset.It is usedin (Jain,

Duin andMao,2000)asacomparisonof classificationalgorithms.Thedatasetconsists

of 2000handprinteddigits (200perclass)andthecorrectclasslabels.Theraw image

datais not available,but six featuresetsareavailablewhich havebeenextractedfrom

theraw data.Theseareasfollows:× Featureset(1): 76Fouriercoefficientsof thecharactershapes,× Featureset(2): 216profilecorrelations,× Featureset(3): 64Karhunen-Loèvecoefficients,× Featureset(4): 240pixel averagesin 2 Ù 3 windows,× Featureset(5): 47Zernikemoments,and× Featureset(6): 6 morphologicalfeatures.

The featuresets2, 3, and 4 were usedin the experimentsin this thesissince

they representboth pixel-level information (pixel averages),image-level informa-

tion (Karhunen-Loève coefficients)andshapeinformation(profile correlations).The

Karhunen-Loève transformationis alsoknown asprinciple componentanalysis(Jol-

life, 1986)wherethe componentvectorsin input space(the eigenvectorsof the co-

variancematrix) thatrepresentthemostvariationin thedataarefound,andthedatais

transformedinto a lowerdimensionalspaceby projectingontothecomponentvectors,

removing the componentswith low variancethat areusuallyattributedto noise. Of

interest,Zernike momentsare describedin (Mukandanand Ramakrishnan,1998),

they representmomentsof 2-dimensionalimagesusinga polarco-ordinatetransform.

Detailsof this datasetis givenin (vanBreukelen,Duin, TaxanddenHartog,1998).

7.8 Comparison of local and global feature selection

using MLPs

An experimentsimilar to that in Section7.6.2wascarriedout. The first 100 points

per classwereusedfor training andthe remaining100pointsperclasswereusedas

testpoints,andfor eachdecomposition,theclassifierwastrainedusinga selectionof

p features,bothglobally andlocally. Thefraction pØ n wasvariedwheren is thetotal
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numberof features.In this casetherewere520 features.Featureswereselectedby

choosingthebestp featuresaccordingto theclass-dependentoverlapmetricgivenin

Section6.3.

TheMLP modelshadonelayerof input nodes,onelayerof 15hiddennodesand

oneoutputnodeusinga sigmoidactivationfunction. Weightdecayregularisationand

scaledconjugategradientswereusedto train the models. Unfortunatelydue to the

slow trainingtimefor MLPs,eachpointonthegraphsrepresentsasingleclassification

value,andnot an averageof many valuesasbefore. This resultsin somevariance

betweenthepoints,althoughthedesiredtrendsaremoresignificantthanthis variation

andthegraphsstill serveasa reliabledemonstration.

Theresultsarepresentedin Figures7.17,7.18,7.19,and7.20.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.93

0.935

0.94

0.945

0.95

0.955

0.96

0.965

0.97

0.975

0.98
Effect of number of features selected for One−of−n classifier using MLP models

Fraction of features selected

C
la

ss
ifi

ca
tio

n 
ra

te

Local 
Global

Figure7.17: Classificationrateusingglobalandlocal featureselectionusingMLP submodels
with aone-of-n classifieron theMFEAT data

Again theclassificationrateis shown to beconsistentlybetterfor a low fraction

of featuresselected.Dueto theregularisationusedon theMLP models,thereis little

likelihoodof overfitting andusingall the featuresdid not resultin poorclassification

results. In fact the graphin Figure7.20shows that usinglocal featureselectionand

regularisedMLP modelsgivesa consistentclassificationrateacrosslarge andsmall

fractionsof featuresselected.
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Figure7.18: Classificationrateusingglobalandlocal featureselectionusingMLP submodels
with ahierarchicalclassifieron theMFEAT data
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Figure7.19: Classificationrateusingglobalandlocal featureselectionusingMLP submodels
with apairwiseclassifieron theMFEAT data
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Figure 7.20: Classificationrate using local featureselectionusing MLP submodelson the
MFEAT data

7.9 FLIERS data

TheFLIERS(FuzzyLandInformationin EnvironmentalRemoteSensing)large-scale

agriculturaldataset(Hughes,BastinandFisher, 1998)is datacollectedfrom a remote

sensingsatellitefor usein landcoverclassification.Thedigital imagehasa resolution

of 0.5m,eachpixel representedby six differentspectralmeasurements(6 real-valued

inputs).Thereare27classeswhichhavebeenselectedby field work ontheactualland

photographed.Classmixture coefficientsaregiven in the original dataset.Only the

mostdominantclassfor eachpixel wasusedhere.

Several subgroupsof classeshave beensuggestedthroughexpert knowledgeof

the land cover. The methodsusedin this thesiswereusedto find a classhierarchy.

This is thencomparedwith theexpertgroupings.

The fourth andfinal classof experimentis simply to illustratethat the classhi-

erarchyin a hierarchicalclassifiercanaid problemunderstanding.A classhierarchy

wasfoundautomaticallyusingtheagglomerativeclusteringprocedureandthenthis is

comparedwith theclassgroupingsproposedby a teamof experts.This experimentis

qualitativeandis intendedasasimpleillustrationthattheclasshierarchycanrepresent

theunderlyingproblem.
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Classlabel Landcover type Classlabel Landcover type

1 Wheat 14 Cut silage

2 Maize 15 Water

3 Oats 16 Buildings

4 Barley 17 Asphalt

5 Rape 18 Gravel

6 Set-aside 19 Concrete

7 Linseed 20 Deciduouswoodland

8 Broadbeans 21 Shrub

9 Potatoes 22 Tall herb

10 Beet 23 Coniferouswoodland

11 Grass 24 Lonedeciduoustree

12 Re-seededgrass 25 Maturehedge

13 Uncutsilage 26 Younghedge

Table7.4: Classlabelsfor FLIERSdata

Theclassespresentin theFLIERSdatasetaredetailedin Table7.4. TheFLIERS

teamhave previously groupedseveral classestogetherby similarity accordingto ob-

servationsmadefrom field work andexpert knowledgeof land cover types. A class

hierarchywas generateddirectly from the FLIERS datausing agglomertive hierar-

chicalclusteringwithout any prior knowledge.Theresultsshown by thehierarchyin

Figure7.21demonstrateagoodcorrelationbetweentheexpertknowledgeandthedata

drivenapproach.

Theclasssubsetssuggestedby theexpertsis shown in table7.5.Theclasssubsets

suggestedby thealgorithm(amongstothers)is shown in table7.6.Thisshowsthatthe

subsetsderivedfrom findingtheclasshierarchycorrelatewell with thesubsetsdefined

by thefield experts. In this case,in theabsenceof field work it might be reasonable

to usethegroupingsfoundthroughtheautomaticmethodasabasisfor understanding

thenatureof thedata.

7.10 Conclusions

It hasbeenshown empiricallythatthehierarchicalandpairwisemodelshave a strong

advantageover theone-of-n decompositionwhenusinglinearmodelsor MLPs. This

is in accordancewith thetheoryin Chapter4.

It hasalsobeenshownthatfor bothlinearandnon-linearmodels(MLPs)thatlocal
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Similar classsubsets

Wheat,Oats,Barley

Grass,Cut silage

Concrete,Buildings

Lonedeciduoustree,Woodland

Maize,Potatoes,Beet,Re-seededgrass

Shrub,YoungHedge

Table7.5: Expertsubgroupings

Similar classsubsets

Wheat,Oats,Barley

Grass,Cut silage

Maize,Potatoes,Beet,Re-seededgrass

Shrub,Lonedeciduoustree,Linseed,Tall Herb,YoungHedge

Table7.6: Algorithm subgroupings

featureselectionresultsin a higher classificationrate than global featureselection.

This demonstratesstrongevidencethat featuresare indeedclass-dependentandthat

an advantagecan be gainedthroughexploiting the class-dependentnatureof these

features.Theclassdecompositionparadigmis shown to beasuitablemethodfor using

class-dependentfeatures.It shouldbenotedthatusinglocalfeatureselectionwill mean

thetotalnumberof featuresevaluatedby theclassifierwill tendto behigherthanusing

global featureselection,but this canbe counteractedby usingcomputationalcut-off

for thehierarchicaldecomposition.

The resultspresentedin this chapterreflect the predictionsmadevia the the-

ory presentedin Chapter4 on multicategory classificationand Chapter6 on class-

dependentfeatures. This is a strongconfirmationof the underlyingtheoryand that

the fields of multicategory classificationandclass-dependentfeaturesareworthy of

investigationandfurther research.Conclusionsandkey ideasfor futurework in this

areaarepresentedin thefinal chapter.
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Figure 7.21: Classhierarchyfor FLIERSdata



Chapter 8

Conclusions

In this thesisthetwo mainthemesof multicategoryclassificationandclass-dependent

featureshave beeninvestigatedwithin the field of statisticalpatternrecognition. To

addressthediversityof previousresearchin multicategoryclassification,anew taxon-

omy of multicategory classificationwaspresentedthatbringstogethermany popular

multicategoryclassificationalgorithmsusinga probabilisticframework. Equivalences

wereshown betweendifferentalgorithmsundercertainassumptionsandthenthedif-

ferencesdiscussedfor realapplications.Thealgorithmswereinvestigatedin termsof

their scalabilityin thenumberof classes.

Using the framework presented,a subsetof algorithmswasderived thatdecom-

posea many-classprobleminto submodelsby partitioning the setof classconcepts

ratherthan partitioning the input spacedirectly. This then allowed class-dependent

featuresto be analysedin terms of subsetsof classesand the correlationbetween

featuresandclasseswithin definedsubsets.This leadsto the ideaof globalandlocal

featureselectionwhich hasbeenshown to be beneficialwhenusingreal-world data.

Thesealgorithmswerealsoinvestigatedin termsof theirability to aid theunderstand-

ing of the underlyingmulticlassproblem. Theseissuesarediscussedfurther in this

concludingsectionandavenuesfor futurework arepresented.

8.1 Multicategory classification

The problemsidentified with previous researchin multicategory classificationwere

that therewas a diversity of techniques.Little researchexists in the inherentmul-

ticategory natureof classificationalgorithmssuchask-nearestneighbours,decision

treeclassifiers,pairwisediscriminants,andmulticategory formulationsof generalised

lineardiscriminants.Much researchhasconcentratedon the2-classproblem,but the

151
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issuesbehindgeneralisingthisresearchto multicategoryproblemsis oftenoverlooked.

Of the existing inherentmulitcategory classificationalgorithms,decisiontree

classifiersandpairwisediscriminantswereshown to varyconsiderablyin thedetailsof

theirdesign,andin partheuristicswereusedto formulatethealgorithms.Classification

algorithmsthatusea one-of-n outputencodingwereshown to addcomplexity to the

multicategoryproblemunnecessarilyasthenumberof classesincreased.

In responseto theseissuesanew probabilisticframework waspresentedin Chap-

ter 4 throughwhich many popularmulticategory classificationalgorithmscanbe de-

rived.This wasachievedby makingtheconditioningon theinput space,R, andsetof

classes,Ω, explicit in the formulationof theposteriorprobabilitesandthenchoosing

to eitherpartitionR or Ω. This alloweda distinctionto bemadebetweenmany-class

algorithmsthatcanbederivedfrom oneor theotherviewpoint.

A taxonomyof classificationalgorithmsthat clarified the differencebetweena

2-classclassifierandamulticategoryclassifierwasdefined,andusingtheprobabilistic

framework, many popularmulticategory classificationalgorithmswereplacedin this

taxonomy. Popularclassifierssuchasthek-nearestneighbourclassifier, anddecision

treeclassifierswerederived from the input spacedecomposition.The classdecom-

position was shown to derive hierarchical,pairwiseand one-of-n algorithms. This

clarifiesthedistinctionbetweendifferenttypesof multicategoryclassifiers,especially

the two distinct, but similar, hierarchicalparadigmswhich result from eithermethod

of decomposition.

By assumingthe decompositionof the set of classes,a principledapproachto

the combinationof 2-classclassifierswas given and the hierarchical,pairwiseand

one-of-n decompositionswereshown to beequivalentwhenthetrueclass-conditional

densitiesareknown. However in reality, modelsneedto betrainedon finite dataand

the issuesthatarisefor theclass-decompositionclassifierswerealsoaddressed.This

is summarisedbelow.

8.1.1 Scalability and efficiencyof class-decompositionclassifiers

Thethreetypesof classsetdecompositionswerecomparedin termsof theirscalability

in the numberof classesfor training and classification. The numberof modelsin

eachclass-decompositionis shown to bek Ú 1 for thehierarchicalclassifier, k for the

one-of-n classifier, andk Û k Ú 1Ü
Ø 2 for the pairwiseclassifier. The numberof points

usedin training was shown to be in the order of k2 for the one-of-n and pairwise

models,but significantlylessatk log2k onaveragefor thehierarchicalmodel.A novel

andprincipledapproachto improving the classificationcomplexity of a hierarchical
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classifierwasgiven.

Thehierarchicalmodelis concludedto scalethemostefficiently asthenumberof

classesincrease,althoughit suffersfrom theneedto find theclasshierarchy. However,

the effort spenton identifying the classhierarchycanbe reducedif flexible enough

modelsareusedfor eachsubmodel.Theseissueswereaddressedempirically asde-

scribedin thefollowing section.

8.1.2 Support fr om experimentson simulateddata

The averageclassificationrate for eachof the class-decompositionclassifierswas

evaluatedover a rangeof simulateddatasetswith an increasingnumberof classes.

The algorithmswereshown to behave asexpectedon the simulateddatawhich had

a known statisticalstructureof Gaussiandistributedclasspoints in a 2-dimensional

input space.

The one-of-n classifierwasshown to degradein classificationperformancefor

both linear and multi-layer perceptronsubmodels. The differencein classification

performancebetweena hierarchyfound using the agglomerative designprocedure

anda randomhierarchywasalsoshown to bemuchlesssignificantwhenusingMLP

submodels.Thepairwiseandhierarchicalclassifierwereshown to performbestusing

linearmodels,andthehierarchicalclassifierresultedin thehighestclassificationrate

usingMLP submodelsfor problemsof increasingnumbersof classes.

Experimentswerealsocarriedout to show the effect of parameterinitialisation

andthenumberof trainingcyclesneededfor theclass-decompositionclassifiersusing

MLP submodels.The pairwiseandhierarchicalmodelswereshown to train slightly

fasterthan the one-of-n decompositionmodel. Unfortunatelya more in-depthcom-

parisonwith a singlemulti-outputMLP classifierwasnot undertaken, as the class-

decompositionclassifiersareexpectedto trainsignificantlyfaster.

8.1.3 Futur ework

After a detailedanalysisof multicategory classification,andmorespecificallyclass-

decompositionclassifiers,unexploredavenuesfor futureresearchareidentified.

In asimilarveinto thereductionof thecomputationalcomplexity of ahierarchical

classifierduringclassification,it is known thatnotall themodelsin apairwiseclassifier

needto beevaluatedfor eachclassification(JiaandRichards,1998),andpossiblythe

numberof modelsin trainingcanbeminimised.No principledmethodsfor doingso

have beenpresentedandthis would bea suitableavenuefor researchgiventhegood
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performanceof a pairwiseclassifier, andthedisadvantagethat thenumberof models

increasesin theorderof k2.

Additionally, onesignificantmulticategory classificationalgorithmthat wasnot

included in the taxonomyor the probabilistic formulation was the error-correcting

output encodingclassifierof Dietterich and Bakiri (1995). It is strongly suspected

that this techniquewill fit into theclass-decompositionclassificationparadigmdueto

the binary natureof the submodelslearnt,and the discriminationof classesin their

entirety, unlike input spacepartitioningtechniques.Furtheranalysismight shedlight

on thenatureof this algorithmandits placein thetaxonomy.

8.2 Class-dependentfeatures

The problemsidentified in the field of class-dependentfeatureswere that although

there is strongmotivation for the useof class-dependentfeaturesin multicategory

classification,most notably hierarchicalclassification,that it is a rarely cited field.

Previously researchedalgorithmsdo have the ability to selectdifferent featuresfor

differentclasses,namelyhierarchicalclassifiers,pairwiseclassifiers(JiaandRichards,

1998),and the modularneuralnetwork of Oh, Lee andSuen(1999),but they have

beenresearchedindependentlyandneedto bedrawn together. A detaileddefinitionof

class-dependentfeatureis lacking; Oh, LeeandSuen(1999)aretheonly researchers

to defineandusetheterm.

In responseto theseissuesa novel definitionof class-dependentfeatures,includ-

ing thedistinctionbetweenweakandstrongclass-dependentfeaturesis presentedin

Chapter6, motivatedfrom examplesfrom real-world data. The class-decomposition

paradigmfor multicategoryclassificationis shown to provideastrongframework from

whichclass-dependentfeaturescanbeexploitedin asimpleandelegantmanner. Since

the submodelsof a class-decompositionclassifieroperateon specificsetsof classes,

this allows theclass-dependentnatureof featuresto beexploitedby simply selecting

featureslocally for eachsubmodel.A metric for measuringthedependencebetween

specificfeaturesand the classvariableis given, which is definedon the overlapof

the probability densitiesof that featuregiven two specificsetsof classes.Again the

distinctionbetweenahierarchicalclassifierthatpartitionstheinputspaceandahierar-

chicalclassifierthatpartitionsthesetof classesis importantsincetheclass-dependent

paradigmappliesmoresuccinctlyto thelatter.
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8.2.1 Support fr om experimentson real-world data

The class-dependentfeaturemetric wasusedto selectfeaturesfor submodelsin the

pairwise,hierarchical,andone-of-n multicategory class-decompositionclassifiersin

Chapter7.

Consistentlyacrossall typesof class-decompositionclassifier, andfor bothlinear

andnon-linearmodels,thelocal featureselectionmethodresultedin a higherclassifi-

cationratewhencomparedto aglobalfeatureselectionmethodusingthesamenumber

of featuresat eachsubmodel.Whenusingmulti-layer perceptronsubmodels,classi-

fiersusinglocal featureselectionshowedlittle signof thedegradationof classification

performanceevenfor low numbersof featuresselectedpersubmodel.

8.2.2 Futur ework

Althoughthedistinctionbetweenweakandstrongclass-dependentfeatureswasmade,

no analysisof strong class-dependentfeatureswas attempted. It is expectedthat

for real-world problems,where the numberof classesis large, that the likelihood

of needingstrongclass-dependentfeatureswill increase.This thesishaslaid down

the framework for further investigationandfuture work canbuild on this to develop

algorithmsthatusethenatureof strongclass-dependentfeaturesto their advantage.

In particular, thenumberof uniquefeaturesevaluatedby theeachcompleteclas-

sifier using local and global featureselectionneedsto be evaluated. Local feature

selectionmayinvolvetheevaluationof morefeaturesin totalduringclassificationthan

aglobalmodel.However for thehierarchicaldecompositiona fractionof thesubmod-

els needto be evaluatedwhenusingcomputationalcut-off, reducingthe numberof

local featuresto be evaluated.It is alsothe casethat thenumberof submodelsto be

evaluatedfor the pairwiseclassifiermay be reduced.The combinedeffectsof local

featureselectionandcomputationalcut-off on the averagenumberof featuresevalu-

atedrequiresfurtheranalysis.This is importantfor applicationswheretheevaluation

of a featureduringclassificationcarriesanassociatedcost,andthetotal costmustbe

minimised.

8.3 Inter pretability

An issuetouchedonin thisthesisis theinterpretabilityof trainedclassificationmodels.

Modelsthataresaidto be interpretablearedecisiontreeclassifiers,andfuzzy classi-

fiersdueto thierability to beoutputin theform of rulebasesfor humaninterpretation.
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A significantproblemwith thisparadigmis thatfor complex problemsof many classes,

therulebasecancontainmany rulesandbecomessounwieldythatthetransparency of

themodelis clouded.

Thehierarchicalclass-decompositionclassifieraddressesthis problemandis de-

scribedasaninterpretableclassifierdueto:× fewermodels,× meaningfulclassgroupings,× associationbetweenfeaturesandclassgroupings,and× classhierarchydiagrams.

This modelhasanadvantageover theotherclass-decompositionclassifierscon-

sidered(one-of-n and pairwise) if the understandingof the underlyingproblem is

important. This would in many casesjustify any extra effort requiredto learn the

classhierarchy. An importantsecondadvantageis that the sizeof the tree is fixed,

andthenumberof submodelsto be interpretedis alwaysk Ú 1. Whenlinearmodels

areusedandthenumberof featuresis reducedat eachsubmodelby class-dependent

featureselectionthenthismethodis similar to multivariatedecisiontreeclassification,

but with afixednumberof multivariaterules.

Regardlessof the form of the submodels,theclasshierarchycanprovide an in-

sight into thenatureof themulticategory problem.This is demonstratedfor a remote

sensingapplication.Althoughnot demonstrated,the lists of featuresat eachnodein

thehierarchycanalsoprovidea level of interpretability.

8.4 Final conclusions

The work in this thesishascontributedto thefield of multicategory classificationby

bringing togethertechniquesin a global probabilistic framework. This allows the

equivalenceof different paradigmsto be shown. This then leadsto a framework

wherebyclass-dependentfeaturesmaybeusedvia a well understoodmotivation.The

experimentalresultscomfirmthepredictionsmadeby thetheory, showing that indeed

this is a consistentandwell-motivatedparadigm.Thereis alsomuchscopefor future

work in bothmulticategoryclassificationandclass-dependentfeatures.
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